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1 Sc-Smoothness and M-Polyfolds 

In paper [9], the authors have described a generalization of differential ge- 
ometry based on the notion of splicings. The associated Fredholm theory in 
polyfolds, presented in [HI [101 [H], is a crucial ingredient in the functional 
analytic foundation of the Symplectic Field Theory (SET). The theory also 
applies to the Floer theory as well as to the Gromov-Witten theory and 
quite generally should have applications in nonlinear analysis, in particular 
in studies of families of elliptic pde's on varying domains, which can even 
change their topology. 

A basic ingredient for the generalization of differential geometry is a new 
notion of differentiability in infinite dimensions, called sc-smoothness. The 
goal of this paper is to describe these ideas and, in particular, to provide 
some of the "hard" analysis results which enter the polyfold constructions 
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in symplectic field theory (SFT). The advantage of the polyfold Fredholm 
theory can be summarized as follows. 

• Many spaces, though they do not carry a classical smooth structure, 
can be equipped with a weak version of a smooth structure. The local 
models for the spaces, be they finite- or infinite-dimensional, can even 
have locally varying dimensions. 

• Since the notion of the smooth structure is so weak, there are many 
charts so that many spaces carry a manifold structure in the new 
smoothness category. 

• Finite-dimensional subsets in good position in these generalized mani- 
fold inherit an induced differentiable structure in the familiar sense. 

• There is a notion of a bundle. Smooth sections of such bundles, which, 
under a suitable coordinate change, can be brought into a sufficiently 
nice form, are Fredholm sections. A Fredholm section looks nice (near a 
point) only in a very particular coordinate system and not necessarily in 
the smoothly compatible other ones. Since we have plenty of coordinate 
systems, many sections turn out to be Fredholm. 

• The zero sets of Fredholm sections lie in the smooth parts of the big 
ambient space, so that they look smooth in all coordinate descriptions 
(systems). The invariance of the properties of solution sets under ar- 
bitrary coordinate changes is, of course, a crucial input for having a 
viable theory. 

• There is an intrinsic perturbation theory, and moreover, a version of 
Sard-Smale's theorem holds true. In applications, for example to a 
geometric problem, one might try to make the problem generic by per- 
turbing auxiliary geometric data. As the Gromov-Witten and SFT- 
examples show, this is, in general, not possible and one needs to find a 
sufficiently large abstract universe, which offers enough freedom to con- 
struct generic perturbations. The abstract polyfold Fredholm theory 
provides such a framework. 

• Important for the applications is a version of this new Fredholm theory 
for an even more general class of spaces, called polyfolds. In this case 
the generic solution spaces can be thought of locally as a finite union 
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of (classical) manifolds divided out by a finite group action. Moreover, 
the points in these spaces carry rational weights. Still the integration 
of differential forms can be defined for such spaces and Stokes' theorem 
is valid. This is used in order to define invariants. The Gromov-Witten 
invariants provide an example. 

The current paper develops the analytical foundations for some of the 
applications of the theory described above. It also provides examples illus- 
trating the ideas. 

The organization of the paper is as follows. 

The introductory chapter describes the new notions of smoothness for 
spaces and mappings leading, in particular, to novel local models of spaces, 
which generalize manifolds and which are called M-polyfolds. The general 
Fredholm theory in this analytical setting is outlined and an outlook to some 
applications is given, the proofs of which are postponed to chapter [31 

The second chapter is of technical nature and is devoted to detailed proofs 
of the new smoothness results which are crucial for many applications. 

The third chapter illustrates the concepts by constructing M-polyfold 
structures on a set of mappings between conformal cylinders which break 
apart as the modulus tends to infinity. A strong bundle over this M-polyfold 
is constructed which admits the Cauchy-Riemann operator as an sc-smooth 
Fredholm section. Its zero-set consists of the holomorphic isomorphisms be- 
tween cylinders of various sizes. Since the solution set carries a smooth 
structure, this has interesting functional analytic consequences for the be- 
havior of families of holomorphic mappings. 

Acknowledgement: We would like to thank J. Fish for useful comments 
and suggestions. 

1.1 Sc- Structures on Banach Spaces 

Sc-structures on Banach spaces generalize the smooth structure from finite 
dimensions to infinite dimensions. We first recall the definition of an sc- 
structure on a Banach space E from |9]. In the following No stands for 
NU{0}. 

Definition 1.1. An sc-structure on a Banach space is a nested sequence 
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of Banach spaces (-E'm)mGNo) 

E =: Eq D El D . . . D E^o ■= P| E^, 

mGNo 

SO that the following two conditions are satisfied: 

(1) The inclusion maps Em+i — ?■ Em are compact operators. 

(2) The vector space E^o is dense in every E^.- 

Points in E^o are called smooth points. What just has been defined 
is a compact discrete scale of Banach spaces which is a standard object 
in interpolation theory for which we refer to jl^. Our interpretation as a 
generalization of a smooth structure on E seems to be new. The only sc- 
structure on a finite-dimensional vector space E is given by the constant 
structure E^ = E for all m. If E is an infinite-dimensional Banach space, 
the constant structure is not an sc-structure because it fails property (1). 

Definition 1.2. A linear map T : E F between the two sc-Banach spaces 
E and F is called an sc-operator if T{Em) C Fm and if T : Em — )■ Fm is 
continuous for every m E No- 

We shall need the notion of a partial quadrant C in an sc-Banach space 

E. 

Definition 1.3. A closed subset of an sc-Banach space E is called a partial 
quadrant if there are an sc-Banach space W, a nonnegative integer k, and a 
linear sc-isomorphism T : E R'' ® W so that T(C) = [0, oo)'' ®W. 

Given a partial quadrant C in an sc-Banach space E, we define the de- 
generation index 

as follows. We choose a linear sc-isomorphism T : E ^ 'R'^ (B W satisfying 
T(C) = [0, oo)'' © W. Hence for x eC,we have 

T{x) = (ri, ...,rk,w), x e C, 

where (ri, . . . ,rk) G [0, oo)'^ and w G W. Then we define the integer dc{x) 
by 

dc{x) = ^{ie{l,...,k}\r, = 0}. 
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It is not difficult to see that this definition is independent of the choice of an 
sc-hnear isomorphism T. 

Let U he a. relatively open subset of a partial quadrant C in an sc-Banach 
space E. Then the sc-structure on E induces the sc-structure on U defined 
by the sequence Um = U H Em equipped with the topology of Em and called 
the induced sc-structure on U. The points of Uoo = UdE^ are called smooth 
points of U. We adopt the convention that denotes the set Uk equipped 
with the sc-structure {Uk)m '■= Uk+m for all m G Nq. If U and V are open 
subsets equipped with the induced sc-structures, we write U Q) V for the 
product U X V equipped with the sc-structure {Um x Kn)meNo- 

Definition 1.4. If f/ is a relatively open subset of a partial quadrant C in 
an sc-Banach space E, then its tangent TU is defined by 

TU = U^® E. 

Example 1.5. A good example which illustrates the concepts, and is also 
relevant for SFT, is as follows. We choose a strictly increasing sequence 
(<5m)meNo of I'sal numbers starting with 5q = We consider the Banach 
spaces E = L2(M X 5^) and E^ = i/"*'''™(M x S^) where the space ff™''^'"(M x 
5*^) consists of those elements in E having weak partial derivatives up to order 
m which if weighted by e'^'"'*' belong to E. Using Sobolev's compact embed- 
ding theorem for bounded domains and the assumption that the sequence 
{6m) is strictly increasing, one sees that the sequence {Em)mmo defines an 
sc-structure on E. We take as the partial quadrant C the whole space E and 
let Be be the open unit ball centered at in E. Then the tangent of Be is 
given by 

TBe = {BeY ®E = {(m, h)\u& H^'^\ \u\l2 <1, he L^}. 

The sc-structure on TBe is defined by 

{TBE)m ={{u,h)\ue i/^+i.-^^+i, \u\l2 <l,he i/-'^™} . 

The notion of a continuous map f : U ^ V between two relatively open 
subsets of partial quadrants in sc-Banach spaces is as follows. 

Definition 1.6. A map f : U ^ V is said to be sc° if f{Um) C Vm for all 
m G No and if the induced maps / : Um — > Vm are continuous. 
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Example 1.7. An important example used later on is the shift-map. We 
consider the Hilbert space E = L'^(M. x S^) equipped with the sc-structure 
(-Em)meNo introduced in Example 11.51 Then we define the map 

<!? : ® X S^) ^ L\R x S^), {R, ^9, u) ^ {R, i9) * u 

where 

{{R, ?9) * t) = u{s + R,t + ^). 

The shift-map $ is sc° as proved in Proposition 14. 1[ It is clearly not 
differentiable in the classical sense. However, in Proposition 14.21 we shall 
prove that the map $ is sc-smooth for the new notion of smoothness which 
we shall introduce next. The shift map will be an important ingredient in 
later constructions and its sc-smoothness will be crucial. 

1.2 Sc- Smooth Maps and M-Polyfolds 

Having defined an appropriate notion of continuity we define what it means 
that the map is of class sc^. This is the notion corresponding to a map being 
in our sc-framework. 

Definition 1.8. Let U and V be relatively open subsets of partial quadrants 
C and D in sc-Banach spaces E and F, respectively. An sc'^-map f : U ^ V 
is said to be sc^ if for every x G f/i there exists a bounded linear operator 
Df{x) : Eq Fq so that the following holds: 

(1) If h e El and x + h e C, then 

hm ^.\f{x + h)- fix) - Df{x)h\o = 0. 
?i|i^o \n\i 

(2) The map Tf : TU — TV , called the tangent map of /, and defined 
by 

{x,h)^{f{x),Df{x)h), 

is of class sc°. 

In general, the map Ui L{Eq, Fq), x — Df{x) will not(!) be continuous 
if the space of bounded linear operators is equipped with the operator norm. 
However, if we equip it with the compact open topology it will be continuous. 
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The sc^-maps between finite dimensional Banach spaces are the famihar C^- 
maps. 

Proceeding inductively, we define what it means for the map / to be sc*^ 
or sc°°. Namely, an sc°-map / is said to be an sc^-map if it is sc^ and if its 
tangent map Tf : TU — )■ TV is sc^. By Definition II. 8[ the tangent map of 
Tf, 

T^f := T{Tf) : T^{U) = T{TU) T'^{V) = T{TV), 

is of class sc°. If the tangent map T^/ is sc^, then / is said to be sc'^, and so 
on. The map / is sc°°, if it is sc'^ for all k. 

Useful in our applications are the next two propositions which relate the 
sc-smoothness with the familiar notion of smoothness. 

Proposition 1.9 (Upper Bound). Let E and F be sc-Banach spaces and 
let U be a relatively open subset of a partial quadrant C in E. Assume that 
f : U F is an sc^-map so that for every < I < k and every m > the 
induced map 

is of class C^'^^ . Then f is sc^^^ . 

Proposition 1.10 (Lower Bound). Let E and F be sc-Banach spaces and 
let U be a relatively open subset of a partial quadrant C in E. If the map 
f : U ^ F is scf', then the induced map 

f '■ Um+i — ^ Fm 

is of class for every < I < k and every m > 0. 

The proofs of the two propositions will be carried out in section 12.11 In 
view of the following chain rule, the sc-smoothness is a viable concept. 

Theorem 1.11 (Chain Rule). Assume that U, V , and W are relatively open 
subsets of partial quadrants in sc-Banach spaces and let f : U ^ V and 
g : V ^ W be sc^. Then the composition g o f : U ^ W is sc^ and 

T{gof) = {Tg)o{Tf). 

The proof can be found in [S]. We would like to point out that the proof 
relies on the assumption that the inclusion operators between spaces in the 
nested sequence of Banach spaces are compact. 

The next definition introduces the notions of an sc-smooth retraction 
and an sc-smooth retract. This will be the starting point for a differential 
geometry based on new local models. 



8 



Definition 1.12. Let U he & relatively open subset of a partial quadrant 
C in an sc-Banach space E. An sc-smootli map r : U — > ?7 is called an 
sc°°-retraction provided it satisfies 

f o T = r. 

A subset O of a partial quadrant C is called an sc-smooth or sc°°-retract 
(relative to C) if there exists a relatively open subset U G C and an sc- 
smooth retraction r :[/—)■[/ so that 

O = r{U). 

li r : U — !■ f/ is an sc°°-retraction, then its tangent map Tr : TU TU 
is also an sc°°-retraction. This follows from the chain rule. Next comes the 
crucial definition of the new local models of smooth spaces. 

Definition 1.13. A local M-polyfold model is a triple {0,C,E) in which E 
is an sc-Banach space, C is a partial quadrant of E, and O is a subset of C 
having the following properties: 

(1) There is an sc-smooth retraction r : U U defined on a relative open 
subset U of C so that 

O = r{U). 

(2) For every smooth point x G Ooo, the kernel of the map (id— -Dr(x)) 
possesses an sc-complement which is contained in C. 

(3) For every x G O, there exists a sequence of smooth points (x^) C Ooo 
converging to x in O and satisfying dc{xk) = dc{x). 

The choice of r in the above definition is irrelevant as long as it is an 
sc-smooth retraction onto O defined on a relatively open subset U of C. 

A special M-polyfold model has the form {0,E,E). Such triples can be 
viewed as the local models for sc-smooth space S without boundary whereas 
the more general triples are models for spaces with boundaries with corners. 
In the case without boundary the conditions (2) and (3) of Definition 11.131 
are automatically satisfied. 

In our applications the local sc-models (O, C, E) quite often arise in the 
following way. We assume that we are given a partial quadrant D in an sc- 
Banach space W and a relatively open subset V of D. Moreover, we assume 
that for every v G V we have a bounded linear projection 

71^: F ^ F 
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into another sc-Banach space F. In general, the projection vr^ is not an 
sc-operator. We require that the map 

is sc-smooth. Then we look at the sc-Banach space E = W (B F, the partial 
quadrant C = D Q) F, and the relatively open subset U = V (B F of E. 
Finally, we define the map r : U U hj 

r{vj) = {v,7r^{f)). 

Then the map r is an sc-smooth retraction and the set 

K = {{vJ)\7rM) = f} 

is an sc-smooth retract. We call this particular retraction, due to its partially 
linear character, a splicing. For more details on splicings we refer to [9]. 

Lemma 1.14. Let {0,C,E) be an sc-smooth local model and assume that 
r : U ^ U and r' : U' U' are two sc-smooth retractions defined on 
relatively open subsets U and U' of C and satisfying r{U) = r'{U') = O . 
Then 

Tr{TU) =Tr'{TU'). 

Proof. If ?/ G f/, then there exists y' G U' so that r{y) = r'{y'). Consequently, 
r' o r{y) = r' o r'{y') = r'{y') = r{y), and hence r' o r = r. Similarly, one 
sees that r o r' = r'. If (x, h) G Tr(TU), then (x, h) = Tr{y, k) for a pair 
{y, k) G TU. Moreover, x e Oi C U[ so that {x, h) G TU' . From r' o r = r it 
follows using the chain rule that 

Tr'{x, h) = Tr' o Tr{y, k) = T{r' o r){y, k) = Tr{y, k) = (x, h) 

implying Tr{TU) C Tr'{TU'). Similarly one shows that Tr'{TU') C Tr{TU) 
and the proof of the proposition is complete. ■ 

The lemma allows us to define the tangent of a local M-polyfold model 
(O, C, E) as follows. 

Definition 1.15. The tangent of a local M-polyfold model {0,C,E), de- 
noted by T(0, C, E), is defined triple 

T{0,C,E) = {TO,TC,TE), 

in which TC = (B E is the tangent of the partial quadrant C and TO : = 
Tr{TU), where r : U U is any sc-smooth retraction onto O. 
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As we already pointed out, the tangent map Tr : TU — )■ TU of the 
retraction is an sc-smooth retraction. It is defined on the relatively open 
subset TU of TC and TO = Tr{TU) is an sc°°-retract. Thus, the tangent 
T(0, C, E) of a local M-polyfold model is also a a local M-polyfold model. 

It is clear what it means that the map / : (O, C, E) — (O', C", E') be- 
tween two local M-polyfold models is sc°. In order to define sc'^'-maps between 
local models we need the following lemma. 

Lemma 1.16. Let f : {0,C,E) — )■ {0',C',E') be a map between two local 
M-polyfold models and letr : U — )■ f/ and s : V ^ V be sc-smooth retractions 
onto O. Then the map f o r : U E' is sc^ if and only if the same holds 
true for the map f o s : V ^ E' . Moreover, the map 

T{f o r)\Tr{TU) : TO TO' 

does not depend on the choice of an sc-smooth retraction r as long as r is an 
sc-smooth retraction onto O. 

Proof. Assume that f o r : U E' is sc^. Since s : V ^ U (IV is sc°°, the 
chain rule implies that the composition f o r o s : V F is sc^. Using the 
identity f o r o s = f o s, we conclude that / o s is sc^. Interchanging the 
role of r and s, the first part of the lemma is proved. If (x, h) G TO, then 
{x, h) = Ts{x, h) and using the identity foros = fos and the chain rule, 
we conclude 

T(/ o r)(x, h) = T{f o r)(Ts)(x, h) = T{f or o h) = T{f o h) 

Now take any sc-smooth retraction q : W ^ W defined on a relatively open 
subset W of the the partial quadrant C in E' satisfying q{W) = O' . Then 
g o / = / so that go/or = for. Application of the chain rule yields the 
identity 

T(/ o r)(x, h) = T{q o f o r)(x, h) = Tqo T{f o r)(x, h) 

for all e TriTU). Consequently, T(/ o r)\Tr{TU) : TO TO' and 

this map is independent of the choice of an sc-smooth retraction onto O. ■ 

In view of the lemma, we define the map / : (O, C, E) — ?■ (O', C", E') 
between local models to be of class sc^ if the composition f o r : U — )■ £" is 
of class sc^. If this is the case, we define the tangent map Tf as 

Tf = T{for)\Tr{TU), 
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where r : U ^ U is any sc-smooth retraction onto O. Similarly, / : 
(O, C, E) (O', C, E') is of class sc^ provided that the composition for: 
f/ — J- £" is of class sc'^ where r : U — )■ f/ is any sc-smooth retraction defined 
on relatively open subset U of C satisfying O = r{U). 

In the following we simply write O instead of (O, C, E) for the local M- 
polyfold model, however, we always keep in mind that there are more data 
in the background. 

With the above definition of sc^-maps between local M-polyfold models, 
the next theorem is an immediate consequence of the chain rule stated in 
Theorem 11.111 

Theorem 1.17 (General Chain Rule). Assume that f : O ^ O' and g : 

O' — )■ O" are sc^-maps between local M-polyfold models. Then the composition 
(7 o / : O — 7- O" is an sc^-map and 

T{gof)=TgoTf. 

The degeneracy index : C — )■ No introduced in Section 11.11 generalizes 
to local models as follows. 

Definition 1.18. The degeneracy index d : O — ?■ No of the local M-polyfold 
model (O, C, E) is defined by 

d{x) := dc{x), X E O. 

The next result shows that sc-diffeomorphisms recognize the difference 
between a straight boundary and a corner. Of course, this is true also for 
the usual notion of smoothness but not for homeomorphisms. 

Theorem 1.19 (Boundary Recognition). Consider local M-polyfold models 
(O, C, E) and (O', C", E') and let f : O O' be an sc-diffeomorphism. Then 

dc{x) = dcifix)) 

at each point x E O. 

Proof. We slightly modify the argument in [9]. First, assuming that the 
theorem holds at smooth points x G O, we show that it also holds at points 
on level 0. Indeed, take a point x E O. By the condition (3) of Definition 
I1.13[ we find a sequence of smooth points (x^) C O converging to x in 
O and satisfying dc{xk) = dc{x). That is, d{xk) = d{x). By assumption. 
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d{f{xk)) = d{xk) = d{x). Since f{xk) f{x), it follows immediately that 
d{f{x)) > d{x). The same argument applied to shows that we must have 
equality at every point on the level in O. 

Now we prove the equality for smooth points. Without loss of generality 
we may assume that E = (BW and C = [0, oo)" © W and, similarly, 
E' = M"' © W and C = [0, oo)"' © W. Take a smooth point x = {a,w) eO 
and let r : f/ — )■ f/ be an sc-smooth retract defined on the relatively open 
subset U of C satisfying O = r{U). Abbreviate by the kernel of id —Dr[x) 
at the point x. The kernel is a closed subspace of M" © E possessing, by 
the condition (2) of Definition II. 13[ an sc-complement M which is contained 
in {0} (BW. Then A^ is the sc-direct sum of two closed sc-subspaces, namely, 

N = {Nn ({0} © W)) © {{q,p) eN \{0,p)e M} =: A^i © N2. 

Indeed, if (p, g) G A^i n A^2, then p = implying that (0, g) G A^ fl M = 
{(0,0)}, i.e., g = 0. If {p,q) G A^, then there is a unique decomposition 
{p, 0) = {A, B) + (0, C) = {A, B + C) with (A, B) E N and (0, C) G M 
implying that p = A and B = -C and hence (0, B) = (0, -C) G M. So, 

{p,q) = {0,q-B) + {A,B) 

with (0, q-B) = {A, q) - (A, B) = {p, q) -{A,B) eNn ({0} © 1^) = A^^ 
and {A,B) G A's- 

For our smooth point x = {a,w), we denote by I be the set of indices 
1 < ? < n at which Oj = 0. In particular, d{x) = jj/. We denote by E the 
subspace of A^ consisting of vectors (p, q) E N with pi = for i E I. From 
the decomposition N = Ni (B N2, we see that S has codimension jjJ in A^. 
The same arguments apply at the point x' = {a',w') = f{x). Abbreviate 
by /' the set of indices 1 < j < n' at which a'j = 0. With the kernel A^' of 
the map id— Dr'{x') at x', we let S' be the codimension jjJ' subspace of A^' 
consisting of all vectors {p', q') satisfying p'^ = for j G /'. We observe that 
the subspaces A^ and A^' are precisely the tangent spaces T^O and T^'O' . 

Take any smooth vector (p, q) G E. Then x+r(p, q) E U flC for < r < e 
and sufficiently small £ > 0, so that r{x + r(p, g)) G O for < r < e. Hence 

f or{x + t{p, g)) G O' for all < r < e. 

By assumption, the map / o r is sc-smooth. This implies that the map 

[0,^)^^^, f or{x + T{q,p)) 
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is smooth for every m > 0. Now for every 1 < j < n' we introduce the 
bounded hnear functional Xj : © W — )■ M defined by \j{h,y) = bj. Then 
we have 

< Aj(/ o r(x + r(g,p))), < r < e. 

Fix j G /'. Then, since /or(x + r(g,p)) = /(x) + rD/(x)(p, g) + Om(T) where 
"'"l^'^^ — )■ as r — >■ and Xj{f{x)) = 0, we conclude that 

< ^A,(/(x) + rD/(x)(p,g) + o^(r)) = A,- g) + ^ 

which after letting r — > gives 

0< A, 

If (p, q) G S, then (— p, —q) G S and the above inequality with (— p, — g) 
replacing {p,q) implies that Xj {Df{x){p,q)) = 0. Consequently, 

A,(D/(x)(p,g))=0 

for all j G /' and all vectors (p, g) G S. At this point we have proved that 
Tf{x)T, C S'. Recalling that and A^' are the tangent spaces T^O and 
T^iO' and that T f : T^O — )■ T^-^O' is an sc-linear isomorphism, we see that 
the subspace Tf{x)Tj has codimension jjJ in A^'. It follows that jj/' < '^I- 
Repeating the same argument for the sc-diffeomorphism : O' — O, we 
obtain the opposite inequality. Hence we conclude that / preserves indeed 
the degeneracy index for smooth points and the proof of Theorem 11.191 is 
complete. ■ 

At this point it is clear that one can take potentially any recipe from 
differential geometry and construct new objects. We begin with the recipe 
for a manifold. Let X be a metrizable space. A chart for X is a triple 
(v?, t/, (O, C, -E)) in which {0,C,E) is a local M-polyfold model, U is an 
open subset of X, and (f : U — O is a homeomorphism. Two such charts 

(^,?7,(0,C,E)) and {^\U\{0\C\ E')) 

are called sc-smoothly compatible if the composition 

o : O ^ O' 

is an sc-smooth map between local M-polyfold models. 



14 



Definition 1.20. An sc-smooth atlas for X consists of a collection of charts 
((/?, U, (O, C, E)) such that the associated open sets U cover X and the tran- 
sition maps are sc-smooth. Two atlases are equivalent if the union is also 
an sc-smooth atlas. The space X equipped with an equivalence class of 
sc-smooth atlases is called an M-polyfold. 

Observe that an M-polyfold X inherits a filtration 
X = Xo D Xi D . . . D = fl 

m6No 

The same is true for subsets of X. The tangent TX is defined by the usual 
recipe used in the infinite-dimensional situation. Consider tuples 

t={x,^,U,{0,C,E),h) 

in which U, (O, C, E)) is a chart, x e Ui, and {ip{x), h) E TO C E^ ® E. 
Two such tuples, 

{x,ip,U,{0,C,E),h) and {x',ip',U',{0',C',E'),h'), 

are called equivalent if x = x' and 

Ticp'ocp-'){cp{x),h) = icf'ix),h'). 

An equivalence class [t] of a tuple t is called a tangent vector at x. The 
collection of all tangent vectors at x is denoted by TxX and the tangent TX 
is defined by 

TX= \J {x} X T,X. 

One easily verifies that TX is an M-polyfold in a natural way with specific 
charts Tip given by 

Tif-.TU ^ TO, T^{[x, ^, U, (O, C, E), h]) = (<^(x), h). 

Here TU is the union of all T^X with x E Ui, 

TU= [j {x} X T,X. 

xGUi 
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Remark 1.21. For SFT we need a more general class of spaces called poly- 
folds. They are essentially a Morita equivalence class of ep-groupoids, where 
the latter is a generalization of the notion of an etale proper Lie groupoid 
to the sc-world. In a nutshell, this is a category in which the class of ob- 
jects as well as the collection of morphisms are sets, which in addition carry 
M-polyfold structures. Further all category operations are sc-smooth and 
between any two objects there are only finitely many morphisms. A polyfold 
is a generalization of the modern notion of orbifold as presented in [16]. We 
note that the notion of proper has to be reformulated for our generalization 
as is explained in [TT] . 

Next, we illustrate the previous concepts by an example. We shall con- 
struct a connected subset of a Hilbert space which is an sc-smooth retract 
and which has one- and two-dimensional parts. (By using the fact that the 
direct sum of two separable Hilbert spaces is isomorphic to itself one can 
use the following ideas to construct connected sc-smooth subsets which have 
pieces of many different finite dimensions.) 

Example 1.22. We take a strictly increasing sequence of weights (5m)meNo 
starting ai Sq = and equip the Hilbert space E = L^(M) with the sc- 
structure given by = if™'^'"(]R) for all m G Nq. Next we choose a smooth 
compactly supported function /3 : M — )■ [0, oo) having L^-norm equal to 1, 



Then we define a family of sc-operators iTt : E E as follows. For t < 0, we 
put TTi = 0, and for t > 0, we define 



In other words, for t > we take the L^-orthogonal projection onto the 1- 
dimensional subspace span by the function /3 with argument shifted by e*. 
Define 



Clearly, r o r = r. We shall prove below that the map r is sc-smooth. 
Consequently, r is an sc-smooth retraction and the image r{M. (B E) of r, 
which is the subset 




vrt(/) = (/,/3(- + eT))^../3(. + ei), f e E. 



{(t, 0) I t < 0} U {(t, s ■ + e")) I t > 0, se M} 
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Figure 1: The retract in the example is homeomorphic to the set (M x {0}) U 

(M+ X 

oiM^xE, is an sc-smooth retract. Observe that the above retract is connected 
and consists of 1- and 2-dimensional parts. 

Out of this example one can define more retractions which have parts of 
any finite dimension. The above example is enough to show that the subspace 
5* of the plane obtained by taking the open unit disk and attaching a closed 
interval to it by mapping the end points to the unit circle in fact admits an 
sc-smooth atlas, i.e. is a generalization of a manifold in the sc-smooth world, 
see Figure 2. 

Observe that S with this M-polyfold structure satisfies 5"^ = S, i.e. the 
induced filtration is constant. This implies that 5* has a tangent space at 
every point. As a consequence of later constructions one could even construct 
a family of sc-projections 

where t G M and where E is the sc-Banach space from above, such that 
Pt = for t < and pt has an infinite-dimensional image for t > 0, and 
such that the map (t, f) h- )■ (t,pt{f)) is sc-smooth. Hence the local jumps of 
dimension can be quite stunning. Of course, we can even combine the two 
previous examples in various ways. 

We shall prove that the retraction r : V (B E V (B E is sc-smooth. 
We recall that taking a strictly increasing sequence {Sm)m>o of real num- 
bers starting with 6o = 0, the space E = L^(M) is equipped with the sc- 
structure (-E'm)mGNo where E^ = if™''^"' (M) . We choose a smooth function 
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Figure 2: This figure shows a topological space obtained from the open unit 
disk by adding a closed arc. This space carries a smooth M-polyfold structure. 



/5 : M — > [0, oo) having support contained in the compact interval [—A, A] 
and satisfying \P\l2 = 1. Define the map $ : R ©£'—)■£' by 



Lemma 1.23. The map $ is of class sc° 



t > 
t < 0. 



Proof. It is clear that the restriction $ : (R \ {0}) © Em — )■ E^. is smooth. 
Abbreviate F{t,s) = (3{s + e*) for s G R and t > 0. Observe that for the 
k-th derivative of F with respect to t we have the estimate, 

|FW(t,.)|<p(t), (1) 

where p{t) = P ^e^, is a polynomial of degree k in the variable and of 

degree 2k in the variable j. It depends on f3 and has nonnegative coefficients. 
In addition, the function s i— )■ F^''\t,s) has its support contained in the 
interval It := [—A — et, A — e*]. Note that It C {—oo, 0) if t > is sufficiently 
small. 
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Then if m G and if t > is small we can estimate 

{u,F{t,.))l.= [ \u{s)\'F{t,sfds 
Jr 

= f \u{s)\^F{t,s)^e^^"^'e-^^'-' ds (2) 
Jit 

< [ |M(s)pe-2*'"^ ds 

Jit 

where we have used that 

max|F(s,t)|V^™' < Ce-^-^^K 

Similarly one finds 

(«,F(^-)(t,-))i2= ! \u\^F^^\t,sf ds 
Jr 

= [ \u\^F^^\t,sYe'^^^'e-'^^"^' ds (3) 
Jit 

<Cp{tfe~^^'-'^ [ \u\^e~^^"^' ds. 
Jit 

Using the estimate we shall first show that the map $ : R © E^ 

is continuous at a point (0,mo). Take h G Em satisfying \h\m < £ and set 

u := uq + h. By definition, $(0, uq) = and so, 

mt,u) - m^o)\l = {n,F{t,-))L2j2 [ \dlF{t,s)\'e-''-' ds 
< Ce-^-^'"^^ (^j^ \u\^e-^^^' ds^ ■ (^j^ e-^-^'"^ d^ 
<C iMpe-^^™^ ds<c(^j^ ds + \h\^e-^^'-' ds^ 

<C [ Iwope-^^"" ds + C-e. 
Jit 

Since Jj^\uo{s)\'^e~'^^"''' ds ^ as t ^ 0+, one concludes that u) — as 
{t, u) — (0, uq) in M©i?m. So far we have proved that the map $ : Rffi-E — )■ E 
is sc*^. In order to prove that the map $ is sc°° we proceed by induction. Our 
inductive statements are as follows. 
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(Sk). The map $ : M © -> E is sc*^ and T'=$(ti, Mi, . . . , ts^, = if 
ti < 0. Moreover, if vr : T'^E -> is a projection onto the factor E^ of 
T^E, then the composition tt o T'^E at the point (ti, ui, . . . , ^2^, ^2*=) where 
ti > is a hnear combination of maps F of the following type, 

r : M'^+i © En Em 

where n > m and i + j < k, and this holds for every m > 0. 

We start with k = 1. The candidate for the linearization D^{ti,ui) : 
M © Em — > Em at a point (ti, Mi) G M © Em+i is given by 

D<^{tiui) = 0, if ti < 

and if ti > 0, then the candidate is equal to 

D^ti,u^){t2,U2) = {u2,F{t,r))L^F{tu-) 

+ (Ml, ■))L2F(tl, ■)^2 + (Ml, ■))l-^'(4, ■)^2. 



(4) 



Clearly, D^(ti,ui) : R © Em — > -Em is a bounded linear map. Moreover, 
for ti 7^ 0, the linear map D^{ti,Ui) : M © Em+i — )■ Em is the derivative of 
the map $ : M © Em+i Em at the point (ti,Mi). We shall show that the 
derivative of $ : M © Em+i — > Em at the point (0, Ui) is the zero map. To do 
this, we estimate u)\m. where u E En and n > m using ([2]), 

< Ce-''"'^ (^j^ \u\^e-^'-' ds^ ■ e-'''-' ds^ (5) 

< Ce-2(''"-'^™)"^ ^ \u\^e-^^"' ds < Ce'^^^--^^^'^'^ \u\l. 
For n = m + 1 we conclude, using that Sm+i > <^m. 



1 



2 g— (<5m+i-'5m)e3t 

Ui + Sui)\m < C ■ — ■ \Ui + Sui\m+1 



as \5t\ + |5Mi|m+i — !■ proving that D$(0,m) = 0. Moreover, the estimate 
([3]) implies as ti — )■ that 

L)$(ti,ui)(t2,n2) ^ inE^;„ 
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where G MS-Em+i and (^2,^2) G M.(BEm- Consequently, the tangent 

map 

T$ : T(M ®E)^TE 

T$(ti,Mi,t2,M2) = ($(tl,Ml),I^$(tl,Ml)(t2,M2)) 

is sc°, and hence the map $ : MQi? — is of class sc^. Moreover, in view of 
dl]), one sees that for ti > the composition vr o T$ is of the form required 
in Si. We have proved that the statement Si holds. 

Assuming that we have proved the statement Sk, we shall show that also 
the statement Sk+i holds true. To see this it suffices to consider the map 
r : M'=+^ ®En^ Em defined by 

T{ti, . . .,ti+j,u) = 

if ^1 < 0, and if ti > it is defined as 

r(ti, . . . , ti+„ u) = {u, ■) ■ ^2 ■ . • . ■ U+j 

where n > m and i + j < k. We have to show that F is of class sc^. This map 
is clearly smooth for ti 7^ 0. Take a point (ti, ^2, • • • , ^fc+i, u) G M.''^^ © -E'n+i- 
If ti < 0, then DT(ti,t2, . . . ,tk+i,u) = and we claim that this holds also 
at ti = 0. Indeed, we consider the quotient 

— — — ^- — — \T{6ti,t2 + 6t2, . . .,ti+j + 6ti+j,U + 6u)\m. 

\dti \ + ... + \dU+j \ + \u\n+i 

If Sti < 0, then r is equal to and if 6ti > 0, one obtains for F an estimate 
similar to the one in ([5]). Hence the quotient is bounded by 

1 

\r{6ti,t2 + 6t2,...,tk+i + 6tk+i,u + 6u)\m ^ I ,xi 

\oti\ \dti\ 

as 6ti — 7- 0^. We have proved that DT{0, t2, . . . , ti^j, u) = 0. If ti > 0, then 
the linearization DT{ti, t2, ■ ■ ■ , ti+j, u) : M!'^^ ® E^ ^ E^ is equal to 

-Dr(ti, . . . , ti+j, u){6ti, 6ti+j, 6u) 

= (5M,F»(ti,-))L2F(^)(ti,-)t2-...-ti+i 
+ (m, ■))L^F^^\t,, ■)-6h-t2-...- 

+ {u, ■))L^F^'+'\h, ■)-6h-t2-...- U+, 

i+j 

1=2 
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Now one easily verifies that the remaining statements of Sk+i are satisfied. 
Hence the map $ is sc'^ for every k and consequently sc°°. ■ 

Remark 1.24. Using the standard definition of Frechet differentiability a 
subset of a Banach space is a (classically) smooth retract of an open neighbor- 
hood if and only if it is a submanifold. So relaxing the notion of smoothness 
to sc-smoothness, which still is fine enough to detect boundaries with corners, 
we obtain new smooth spaces as the above example illustrates. 

In order to carry out basic constructions known from differential geometry 
one quite often needs partitions of unity. It is known that Hilbert spaces 
always admit smooth partitions of unity, whereas there are Banach spaces 
which do not. However, as it turns out, there are many sc-Banach spaces for 
which we have sc-smooth partitions of unity. This will become clearer after 
the next section, particularly from Proposition 12.41 and Corollary 12.51 

We finish this section with a question. 

Question. Assume that X is a connected second countable paracompact M- 
polyfold without boundary built on sc-smooth retracts in separable Hilbert 
spaces equipped with sc-structures of Hilbert spaces. Is it true that there 
exists a local sc- model (O, H, H) in which if is a separable Hilbert space 
equipped with sc-structures of Hilbert spaces, so that X is sc-diffeomorphic 
to 01 In other words, can X be covered by only one chart? 

1.3 Sc-Smoothness Arising in Applications 

We describe several constructions which will be used in the constructions of 
polyfolds (a generalization of M-polyfolds) in the Gromov-Witten theory and 
the Symplectic Field Theory (SFT). It is not our intention to prove the most 
general results. We just choose the examples in such a way that they cover 
the cases needed for the construction in SFT. 

We denote by D the closed unit disk in C and equip the Hilbert space 
E = H^{D, M^) of maps from D into with the sc-structure defined by the 
sequence Em. = H^~^'^{D,W'^) for all m G Nq. We choose a map u belonging 
to Eoo, satisfying u{0) = and, in addition, has a derivative Du{0) : C — )■ 
which is injective. By H we abbreviate an algebraic complement of the image 
of the derivative Du{0). Thus, u intersects H transversally at 0. By the 
implicit function theorem, we find an open neighborhood f/ of n in C^{D, R^) 
and < e < 1 so that for every v G U, there exists a unique point Zy in the 
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e-disk around in C whose image under v, v{z^), lies in H and such that the 
image Dv{z^) is transversal to H . Moreover, the map 

U ^ D, V 

is C^. If we view this map as defined on U H C^, then it is actually of class 

Theorem 1.25. If U (1 E is equipped with the induced sc-structure, then the 
map 

is sc-smooth. 

Proof. The map U fl Em. C defined hy v ^ Zy is of class (7™+-*^ in view of 
the Sobolev embedding M^) ^ C"^+i(D, M^). By Proposition [H 

below, the map is sc-smooth. ■ 

In order to describe a typical application of Theorem 11.251 we consider a 
map n : S*^ — )■ M of class defined on the Riemann sphere {S'^,i) into a 
smooth manifold M and assume that Hi, H2 and H3 are three submanifolds 
of codimension 2 intersecting u transversally at the three different points Zi, 
Z2 and Z3 in S"^. In view of the previous result, under the map v which is H^- 
close to u, the points Zi move to the points Zi{v) at which the map v intersects 
submanifolds Hi transversally. There exists a unique Mobius transformation 
on (5*^,2) mapping Zi to Zi{v). We denote this Mobius transformation by 0^ 
and consider the composition 

^ : E E, V ^ := v o cj)^ 

defined for maps v which are if^-close to u. Note that <l>(w) satisfies the 
transversal constraints at the original points Zi. We shall prove that the map 
$ is sc-smooth. This is a consequence of the result we describe next. 

We consider a family v ^ (p^, of maps (j)^ : D ^ <C parametrized by v 
belonging to some open neighborhood of the origin in M". Moreover, we 
assume that the map 

V X D ^ C, (w, x) t-)- (f>v{x) 
is smooth, satisfies 00(0) = and 

(pvix) G D for all a; G -D and v G V, 
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so that the map 

is well-defined. The map $ is not even differentiable in the classical sense, due 
to the loss of one derivative, but it is smooth in the sense of sc-smoothness, 
as the next result shows. 

Theorem 1.26. The composition ^ : V (B E E defined by (f , u) H- m o 0„ 
is an sc-smooth map. 

Theorem 11.261 will be proved in Section 12.21 below. 

The concept of an sc-smooth retract is motivated by our gluing and anti- 
gluing constructions described next. The retract is a model for a smooth 
structure on a 2-dimensional family of Sobolev spaces of functions defined on 
finite cylinders which become longer and longer and eventually break apart 
into two half- cylinders. It also incorporates a twisting with respect to the 
angular variable. Such a situation arises in the study of function spaces on 
Riemann surfaces if the surfaces develop nodes. 

We take a strictly increasing sequence {Sm)meNo starting with 6o > and 
denote by E the space consisting of pairs u') of maps 

having the following properties. There is a common asymptotic limit c G 
so that the maps 

:= — c 

have partial derivatives up to order 3 which if weighted by e^°'*' belong 
to L^(M^ X 5*^,]]^^). We equip the Hilbert space E with the sc-structure 
{Em)m£No where Em consists of those pairs {u^,u~) in E for which (r+,r~) 
are of Sobolev class (3 + m, 6m)- The Em-iaorm of the pair u~) is defined 

as 

where 

Our aim is the construction of an M-polyfold model (O, C(BE,C(BE) where 
the set O is obtained by an sc-smooth retraction r : Bi © — t- Bi (B E oi 

2 2 

the special form 

r(a,u+,n~) = (a, 7ra(n+, n")). 
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where a i— )■ vr^ is a family of linear and bounded projections parametrized by 
a G Bi. The set Bi is the open disk of radius ^ in C. 

2 2 ^ 

To proceed we need a gluing profile v?. By definition, this is a diffeomor- 
phism (0, 1] — )■ [0, oo) with suitable growth properties. Convenient for our 
purposes is the exponential gluing profile defined by 

(/9(r) = — e, r G (0, 1]. 

With the complex numbers \a\ < | we associate the abstract cylinders 
Ca as follows. If a = 0, the cylinder Co is the disjoint union 

Co = M- X S^|Jm+ X S\ 

We also use Zq to denote Cq. If a 7^ and a = |a|e~^'^*'^ is its polar form, we 
set 

R = cp{\a\). 

We call a the gluing parameter and R obtained this way the gluing length. 
To define the cylinder Ca, we take the disjoint union of the half- cylinders 
X and M~ x and identify points G [0,R] x with points 

(s', t') G [—R, 0] X if the following relations hold, 

s = s' + R and t = t' + 

On Ca we have two sets of conformal coordinates, namely, [s,t] 1— )■ {s,t) ob- 
tained by extending the coordinates coming from M"*" x 5*^ and [s', t']' t— {s', t') 
obtained by extending the coordinates coming from M~ x S^. The infi- 
nite cylinder contains the finite subcylinder Za consisting of the equivalence 
classes [s,t] with s G [0,i?]. 

Next, for a G Bi, we define the sc-Hilbert space C^. First, we introduce 

the space H^'^°{Ca)- To do this, we choose a smooth function C : M — )■ [0, 1] 
satisfying ({s) = 1 for s < -1, ('{s) < for s G (-1, 1), and C{s)+C{-s) = 0. 
The space H^'^°{Ca) consists of those maps n : C^ — ?■ which belong to 
H\oc{Ca) and there is a constant c G such that m + Ca ■ c G H^'^''{Ca), 
where 

We note that if m G Hf^°{Ca) and c is an asymptotic constant of m at 00, then 
the asymptotic constant at —00 is equal to — c. With the nested sequence 
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-R, 0] X 



[0, R] X 



X 




Figure 3: Glued finite and infinite cylinders Za and Ca 



{H^'^"^'^'"{Ca))meNo of Hilbert spaces, the Hilbert space H^'^°{Ca) becomes 
an sc-Hilbert space. The norms of these Hilbert spaces will be introduced 
in Section [275] We also equip the Hilbert space H^{Za) with the sc-structure 
given by iH^+^{Za))meNo- 
Now, if a = 0, we set 

G° = S©{0}, 

and if a 7^ 0, we define 

G'' = H%Za)®H^/%Ca). 

The sc-structure of is given by the sequence H^~^"'{Za) ® H^'^"''^"'- (Co) for 
all m e No. 

For every a G Bi , we define the so called total gluing map 

□a = (©a,ea):^^G"^ 

as follows. We fix a smooth map /3 : M — ?■ [0, 1] satisfying 

• (3{-s) + (3{s) = 1 for all s G M 

• f3{s) = 1 for all s < -1 (6) 

• (3'{s) < for all s G (-1, 1) 
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Moreover, if < |a| < we abbreviate by f3a or the translated function 



where R = ip{a). 




Figure 4: Graph of the function Pa where R = ip{\a\). 
Now, if a = 0, we define 



©o(^i , u~) = u~) and Qo u~) = E {0}. 

If a 7^ and a = \a\e~^'^^^ is its polar form, we set R = v^(|a|) and glue the 
two maps u"^ : x 5*^ — )■ M.^ which are defined on positive respectively 
negative cylinder to a map defined on the glued cylinder Za by means of the 
following convex sum 

©,(n+, u-){[s, t]) = Pa{s)u+{s, t) + {l- (3a{s))u-{s -R,t-^). 

for [s,t] G Za where < s < R. Further, we introduce the map 0a(u+,u~) 
on the glued infinite cylinder Ca by the formula for [s,t] G Ca, 

ea{u+,U-){[s,t]) = -{l-Pais)) t) - av„(u+, U")] 

+ /3a(s)) [u^is-R,t-i9)-aVaiu+,u-)] 
where s G M and where the average is defined by 

. ^ 1 



aVa [u ,u 



u 



R 

2-' 



u 



R 



dt 



for s < -| — 1 and 



and R = (p{\a\). We have used that (1 — f3a{s)) 

/3a(s)=0ifs>f + 1. 

The map is called the glued map for the gluing parameter a 

and the map Qa{u^ ,u~) is called the anti-glued map. 
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Theorem 1.27. For every a G Bi the total gluing map 

□a = (©a,ea):^^G" 

is a linear sc-isomorphism. In particular, 

E = (ker©a) © (ker©„) 

and for a ^ 0, the map 

®a ■■ ker©„ ^ H^{Za) 
is a linear sc-isomorphism. If a = , the map ©o is the identity map. 

We postpone the proof until after the next theorem. 

The gluing and anti-gluing maps determine the linear projection tTq : — )■ 
E onto the kernel of the anti-glued map ©^ : -E — )■ H^'^° (C^) along the kernel 
of the glued map ©^ : £" — > H^{Za) by means of the following formulae for 

{h+,h-) G E, 

©,o(l-7r,)(/i+,/i-) = 
©„o7r„(/i+,/i-) = 0. 

Given the pair h~) G -E, we set 

7r<j(/i+,/i-) = {ri+,r]-) 

so that the pair {rj'^,ri~) G -E is determined by the two equations 

©„(//+, r/-) = 0. 
Explicitly, abbreviating (3a = f3a{s), 

Pa-V^is,t) + {1-Pa)-V~is-R,t-^) 

= Pa ■ h^{s,t) + (1 - Pa) ■ h-{s -R,t-d) 

if < s < i?, and 

-(1-/3,)- [r/+(s, t) - avK(r/+, r/")] [r/"(s - R,t - d) - av^,(^+, r/")] = 



28 



for all s G M. Observing that /3a(f ) = ^ and integrating the first equation 
at s = ^ over the circle S^, we obtain for the averages 

so that the equations for (t]"*", r/") become 



Pa 1 - Pa 








' Pah+ 


I -Pa) Pa 








ma - 



where we have abbreviated Pa = Pa{s), = h~^{s, t) and h = h {s — R,t — 
i}). Introducing the nowhere vanishing function 7 by 

^(s):=P{s)' + {l-Pis))', 

the determinant of the matrix on the left hand side is equal to 7a which is 
defined by 



1a[S) := 7 ( s - - J . 

Hence, multiplying both sides by the inverse of this matrix, we arrive at the 
formula 



r]+{s,t) 
r]-{s - R,t -^) 



1 

la 



Pa -i^-Pa) 
I -Pa Pa 



■ Pah+ + (1 - Pa)h- 
{2Pa-l)aYa{h+,h- 



where we abbreviated 7a = 7a(s). If we denote by A the common asymptotic 
limit of {h'^,h~) so that 

{h+,h-) = {A + r+,A + r-) 

we arrive at the following explicit representation of the map TTa. 

If h-) = (A + r+, A + r") G E and (//+, 77") = 7ra(/i+, h'), then 



r/+(s,t) =A+[l 



+ 



Pais) 
7a (S) 



Pais) 
lais) 



[Pais) ■ r+is, t) + (1 - Pais)) -r-is-R^t- ^)] 



for all s > 0. There is a similar formula for 77 is',t'). 
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One reads off that {ri~^,T]~) G -E so that the asymptotic hmits of 77+ and 
r]' coincide. Indeed, the asymptotic hmits for {ri~^,ri~) = 'iTa{h~^,h^) are the 
foUowing, 

hm 'r]~^{s,t) = hm ?7~(s,t) 

s— >oo s—^—00 

= ava(/i+, h~) 

= A + ava(r+,r~), 

if h"^ = A + r^, with the common limit A of h^. In addition, 

so that the projection map tt^ leaves the averages invariant. A computation 
shows that 

SO that the linear map vTa is indeed a projection. 

Theorem 1.28. Ifna : E ^ E denotes the above linear projection of E onto 
ker0a along kei (Ba, then the map 

r : B^® E Bi® E, (a, m+, u~) (a, vr<j(M+, u~)) 

is an sc-smooth retraction. 

Theorem 11.281 will be proved in Section 12.41 At this point we shall prove 
Theorem 11.271 



Proof of Theorem \1.27 . If a = 0, there is nothing to prove. We assume that 
a 7^ G -Bi, take {rj'^.rj") G E, and set QaijI^^V') = ^ ^"^^ Qa{v~^^V~) = 
Explicitly, 

Pais) ■ 7]+{s, t) + (1 - Pais)) " 7/" (s - i?, t - 7?) = n(s, t) 

for < s < -R, and 

-il-Pais)) [r]+is,t)-maiv^,7]-)] 

+ /3a(s) [V~is - R,t - ^) - aVaiv^ ,7]-)] =vis,t) 

for all s G M. Since /3a(s) = if s > f + 1 and /^^(s) = 1 if s < f - 1 , we con- 
clude lim^^oo vis, t) = - lim^^oo V^i^, t) + aVa(?7+, 77") and lim^^_oo t) = 
lim^^-oo '7~(s, t) — ava(?7+, ?7~). Consequently, iu,v) G G". 
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Conversely, given {u,v) G we look for a solution {ri~^,r] ) of the two 
equations ©0(^7 "^5 V~) = cind Qa{v~^, V~) = "^^ Integrating the first equations 



at s 



over and observing that /3a 



. 2 > 



/3(0) 



2' 



we obtain 



u 



— ,t rft 
2' 



and proceeding as above we arrive at the presentation 



{2(5a-l)[u]+v 



r,~{s-R,t-^)\ 7, [l-Pa Pa _ _ 

-± _ (1 _ _ _ /3^)(2/3, - 

where we have abbreviated /3a = f3a{s), ■ja = 7a(s), u = u{s,t) and v = 
v{s,t). For the asymptotic limits we read off that lims^oo ''7^(s, t) = [u] — 
\ims^aov{s,t) and lim^-^-oo ''7~(s, t) = [u]+\ims_^_oov{s,t). Since the asymp- 
totic limits of V have opposite signs, we conclude that lim^^oo (s, = 
lims^_oo '7"(s, t) and hence {r]~^,ri~) E E as desired. 



If O = r{Bi © E) is the retract of the sc-smooth retraction guaranteed 
by Theorem 11.281 the map 

O m ^ E)\j( U {0}xH\Za)) 

\eBi_\{a} ' 
1. 

defined by 

(a, I-;- (a, ©a('U 

is, by construction, a bijection between ker ©„ and E' if a = 0, respectively 
H^{Za) if a 7^ 0. We equip the target space with the topology making this 
map a homeomorphism. Then the inverse of this map is a chart on the local 
model O. This way we obtain a construction describing a smooth structure 
for a suitable 2-dimensional family of function spaces on cylinders which have 
increasing modulus. We will study this smooth structure in detail in chapter 

El 

There is another version of gluing which will be used in the proofs in 
Section El Taking the strictly increasing sequence ((5m)mGNo! we denote by F 
the sc-Hilbert space consisting of pairs u~) of maps 
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whose partial derivatives up to order 2 weighted by e''"'*' belong to L^(]R^ x 
S^). We equip F with the sc-structure defined by the sequence = 
H^+^'^^(R+ X S^) © H^+^'^^(R- X S^). For G F, the glued map 

©a(u"'',u~) is defined by the same formula as (Ba{u'^ ,u~). However, the 
anti-glued map 0a takes the simpler form 

Qa{u+, U~){[S, t]) = -il- ^ai-S)) ■ t) + /^.(s) ■ (s - i?, t - ^9) 

for [s,t] G Ca- The image of the anti-glued map 0a is H'^'^"{Ca)- Proceeding 
as before we can define a projection 7ia : F ^ F onto the kernel ker 0a of 
the anti-gluing map 0a along the kernel ker ©a of the gluing map ©a- 
We abbreviate by the following spaces. If a = 0, we set 

G° = F©{0}, 

and if a 7^ 0, we define 

The sc-structure of G" is given by the sequence f/'^+™(Za) ©if^+"'''^'"(Ca) for 
all m G Nq. The following theorem holds true. 

Theorem 1.29. 

(1) If we equip the Hilbert space H'^{Za) © H'^'^°{Ca) with the sc-structure 
H^+'"'{Za) © H^+"''^"'{Ca), then the total hat glumg map 

□a = (©a,ea):F^G'' 

is an sc-smooth isomorphism for every a G Bi.In particular, E = 
(ker ©a) © (ker ©a). 

(2) The map 

r:Bi®F-^Bi®F, (a, n+, n") t-^ (a, 9a{u+, u~)) 
is an sc-smooth retraction. 
The proof is the same as that of Theorem 11.271 and Theorem 11.281 
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Remark 1.30. The same result is true if we consider the projection on the 

space H^'^"iR+ x S^) ® H^'^'^iR" x 5^) rather than on F. We choose F 
here since this particular retraction r~ occurs in the construction of bundles 
in SFT accompanying the constructions of base spaces which involve the 
previous retraction r. 

Our constructions in Gromov-Witten theory and SFT makes use of the 
next result described in Theorem 11.311 below which is closely related to the 
previous constructions. Using Theorem ll.28[ we have equipped the set 

/ \ 

O := ({0} xE)\J U {{a} x H%Z,, M^)) 

^aeBi\{0} j 

with the structure of an M-polyfold. In fact, it is covered by a single chart 
which also defines the topology. We are interested in sc-smooth maps O ^ O 
which will arise in the construction of the polyfolds of SFT. 

In order to describe these maps we start with the half-cylinders Mj^ x 
and assume that we are given two smooth families v i— )■ j^(t') of complex 
structures parameterized by v which belongs to some open neighborhood V 
of in some finite-dimensional vector space. We require that the complex 
structures j^{y) away from the boundaries agree with the standard confor- 
mal structure. Suppose there exist two smooth families v (-> "p^^v) of marked 
points on the boundaries di^^ x Given a sufficiently small gluing pa- 
rameter a, we can construct the glued cylinder Za equipped with the complex 
structure j{a,v) induced from and smooth families of induced marked 

points p^(a, w). We have defined the family 

{a,v) h-^ {Za,j{a,v),p'^{a,v),p"{a,v)) 

of complex cylinders with marked points. We introduce a second family of 
finite cylinders as follows. We fix the special marked points (0, 0) on the 
boundaries of the two standard cylinders. Then, given a gluing parameter b, 
we obtain the finite cylinder cylinder Zb equipped with the standard complex 
structure i and the two marked points p^. This way we obtain a second family 

b {Zb,i,pt,Pb) 

of complex finite cylinders. It is a standard fact from the uniformization the- 
orem that the cylinder (Z^, j(a, v)) is biholomorphic to the cylinder ([0, R] x 
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S^,i) for a uniquely determined R. This biholomorphic map is unique up to 
rotation in the image (and reflection). If we require that the marked point 
p'^{a, v) is mapped onto the point = (0, 0), we flnd a uniquely determined 
complex number h = b{a, v) such that R = v^d^l) and p~{a, v) is mapped to 
the marked point . 

Thus given the pair {a^v), there is precisely one gluing parameter h := 
fe(a, v) for which there exists a biholomorphic map 

^{a,v) ■ iZaJia,v),p''{a,v),p~{a,v)) {Zb,i,p'^ ,p~). 

If we use instead of the exponential gluing proflle the logarithmic gluing 
proflle — 2^1n(r) it is well known that the map {a,v) i— ?■ b{a,v) is smooth. 
However, the same is true for the exponential gluing proflle. This can be 
deduced from the result about the logarithmic gluing proflle by means of a 
calculus exercise involving results from Section 14.21 We leave this approach 
to the reader. Here we shall derive this fact as a corollary from the following 
more general result. We consider the map which associates with the element 
(f , a,w) E V Q) O for (f , a) small the element (6(a, v),w') e C in which w' is 
deflned by 

Theorem 1.31. Let {6m)m.>o be a strictly increasing sequence satisfying 

< 5m < 27r for all m > 0. 

Then the map 

V®0^0, (t;,a,w) (6(a,t;),M;o$-i^^) 

defined for (a, v) small is an sc-smooth map for the M-polyfold structure on 
O. 

The restriction that the sequence {5m) lies in the open interval (0, 27r) 
is related to the behavior of the map $(a,v) as a — 0. In order to prove 
Theorem 11.311 it is necessary to understand the smoothness properties of the 
map 

{a,v) ^ 

This will be part of the illustration in the Section 11.51 
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Remark 1.32. There is no loss of generality in assuming that = (0, 0) 

for all w G V. This can be achieved by taking different complex structures 
j^{v). Indeed, we can choose a smooth family of diffeomorphisms which 
are supported near the boundary and map the points p'^lv) to the point 
(0,0). Then we conjugate the original j^{v) with this family to obtain the 
new one. By the previous discussion, this family of diffeomorphisms acts 
sc-smoothly. So, Theorem 11.311 will follow once it is proved for the special 
case just described. We shall assume in the following that this reduction has 
been carried out. 

1.4 Fredholm Theory 

In this section we outline the Fredholm theory in M-polyfolds. We shall only 
describe the case of M-polyfolds without boundaries and refer the reader to 
[TOl [TT] for the general case. 

We have already introduced the notion of an M-polyfold and now intro- 
duce the notion of a strong bundle in the case that the underlying base space 
does not have a boundary. Let E and F be sc-Banach spaces and let U be 
an open subset of E. We define the nonsymmetric product U <F a.s follows. 
As a set the product U < F is equal to U x F. However, it is equipped with 
the double filtration 

{U < F)„,^k = Um®Fk 

defined for all m G Mq and all integers < k < m + 1. Given U <F we have, 
forgetting part of the structure, the underlying direct sum U ® F. We view 
f/ < F — )■ as a bundle with base space U and fiber F, where the double 
filtration has the interpretation that above a point x G f/ of regularity m it 
makes sense to talk about the fiber regularity of a point (x, h) up to order k 
provided k < m + 1. The tangent space T^{U < F) is defined by 

T^{U<F) = {TU)<{TF). 

Observe that there is a difference in the order of the factors between T<,(t/ <-F) 
and T{U ®F). Indeed, 

T^{U<F) = (f/i © F) < (Fi © F) 

while (for the underlying f/ © F) 

T{U © F) = f/i © Fi © F © F. 
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A map f:U<F—^V<G between nonsymmetric products is an sc°-map if 
for all m G No and all < /c < m + 1 , 

and if the induced maps 

f ■.Um®Fk^Vm®Gk 

are continuous. In addition, we require that the map / is of the form 

f{u,h) = {fo{u),(f){u,h)) 

where (j){u, h) is linear in h. 

We observe that the map / induces sc°-maps 

f:U®F'^V®G' (7) 

for i = 0,1. The map / is sc^ if the maps in ([7]) for i = 0,1 are both of class 
sc-*^. In this case the tangent maps Tf : T{U © F*) — T{V © G*) are defined 
as usual by 

Tf{x, h, y, k) = (/o(x), </)(x, h), Dfo{x)y, D(t){x, h){y, k)). 

After reordering of factors of the domain and the target spaces, we obtain 
the sc°- map 

TJ' -.TU <TF ^TV <TG 

defined by 

(x, h, y, k) t-^ (/o(x), Dfo{x)y, h), D(f){x, h){y, k)). 

This reordering is consistent with the chain rule and one verifies that if / 
and g are sc^-maps which can be composed, then also the composition g o f 
is of class scJi and satisfies the chain rule, 

T,{gof) = {T,g)o{T,f). 

Iteratively one defines the maps of class sc^ for k = 1,2,... and sc<|-smooth 
maps. 
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Definition 1.33. An sc<]-smooth retraction is an sc<]-smootli map 

R : U<F ^U<F 

satisfying R o R = R. The image R{U < F) is called an sc-smooth strong 
bundle retract. 

It is implicitly required that the above retraction R:U<F^U<F 
is of the from R{x,h) = (r(x), p(x, /i)) where r : U — )■ t/ is an sc-smooth 
retraction and p{x, h) is linear in h. We denote hj K = R{U < F) the sc- 
smooth strong bundle retract and by O = r{U) the associated sc-smooth 
retract. Then there is a canonical projection map 

p:K^O. 

The set K inherits the double filtration and p maps points of regularity (m, k) 
to points in U of regularity m. The canonical projection p : K O is our 
local model for spaces which we shall call strong M-polyfold bundles. Given 
K, we define the sets K{i) for z = 0, 1 as follows, 

K{i) = {(n, h)eU®F' \ R{u, h) = {u, h)}. 

Clearly, the set K{i) is an sc-smooth retract and the projection p : K{i) — )■ O 
is sc-smooth for i = 0,1. 

Now we are in a position to define the notion of a strong bundle. We con- 
sider a surjective continuous map p : W ^ X between two metrizable spaces, 
so that for every x E X the space p~^{x) =: comes with the structure 
of a Banach space. A strong bundle chart is the tuple ($,p~^(?7), K,U < F) 
where U C -E is an open subset of an sc-Banach space, K = R{U < F) an 
sc-smooth strong bundle retract covering the smooth retraction r : U — ?■ O. 
Moreover, $ : p~^{U) — )■ is a homeomorphism covering a homeomorphism 
: U ^ O, which between between every fiber is a bounded linear operator 
of Banach spaces. Two such charts are sc<]-smoothly equivalent if the asso- 
ciated transition maps are sc<]-smooth diffeomorphisms. We can introduce 
the notion of a strong bundle atlas and the notion of an equivalence between 
two such atlases. The continuous surjection p : W ^ X, ii equipped with an 
equivalence class of strong bundle atlases, is called a strong bundle. 

Given two such local bundles K ^ O and K' — )■ O' we can define the 
notion of a strong bundle map between them. Then, following the scheme 
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how we defined M-polyfolds, we can define strong bundle W ^ X over an 
M-polyfold X. 

Next assume that p : IV — )■ X is a strong M-polyfold bundle over the 
M-polyfold X. We can distinguish two types of sections of p. An sc-smooth 
section of p is a map f : X ^ W with p o / = id satisfying /(x) G Wm,m ='■ 
W{0)m for X G Xm so that / : X — )■ W{0) is sc-smooth. An sc+-section of 
p is a section which satisfies /(x) G Wm,m+i ='■ for x G and the 

induced map / : X — )■ is sc-smooth. We shall denote these two classes 

of sections by T{p) and r+(p), respectively. 

Of special interest are the so-called (polyfold-) Fredholm sections. Their 
definition is much more general than that of classical Fredholm sections. 
The first property which we require is that such sections should have the 
regularizing property. This property models the outcome of elliptic regularity 
theory. 

Definition 1.34. Let p : W ^ X he a. strong M-polyfold bundle over the 
M-polyfold X. A section / G T{p) is said to be regularizing provided that 
the following holds. If x G Xm and /(x) G Wm,m+i, then x G Xm+i- 

We observe that if / G T{p) is regularizing and s G r~^{p), then / -|- s is 
also regularizing. 

Consider a strong local bundle K ^ O. Here K = R{U < F) is the 
sc-smooth strong bundle retract associated to the sc<]-smooth retraction R : 
U <F — 7- U <F which covers the sc-smooth retraction r : U ^ U defined on an 
open neighborhood U of in the sc-Banach space E. Moreover, O = r{U). 
In addition, we assume that G O = r{U). Then R{u,h) = {r{u), (f){u)h) 
where : F — )■ F is linear. 

We are interested in germs of sections (/, 0) of the strong local bundle 
K ^ O which are defined near 0. We view / as a germ 0(0, 0) — )■ F 
identifying the local section with its principal part. 

Definition 1.35. We say that the section germ (/, 0) has a filled version if 
there exists an sc-smooth section germ {g, 0) of the bundle U <F ^ U, again 
viewed as a germ 

O(f/,0)^F, 
which extends / and has the following properties: 

(1) g{x) = /(x) for X G O close to 0. 
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(2) If g{y) = 4'{r{y))g{y) for a point y in U near 0, then y & O. 

(3) The hnearisation of the map 

y ^ [id -(f){r{y))]g{y) 

at the point 0, restricted to kerZ}r(0), defines a topological isomor- 
phism 

ker(L)r(0)) ^ ker(0(O)). 

In order to describe the significance of the three conditions in the above 
definition we assume that y & U is a. solution of the filled section g so that 
g{y) = 0. Then it follows from (2) that y E O and from (1) that f{y) = 0. 

We see that the original section / and the filled section g have the same 
solution set. 

The requirement (3) plays a role if we compare the linearization Df(0) 
with the linearization Dg{0). It follows from the definition of a retract that 
(f){r{y)) o (j){r{y)) = (f){r{y)). Hence, since y = G O we have r(0) = and 
0(0) o 0(0) = 0(0) so that 0(0) is a linear sc-projection in F and we obtain 
the sc-splitting 

F = 0(O)F©(id-0(O))F. 

Similarly, it follows from r{r{y)) = r{y) for y EU that Dr(0)oZ}r(0) = Z}r(0) 
so that L)r(O) is a linear sc-projection in E which gives rise to the sc-splitting 

a®peE = Dr{0)E © (id -Dr{0))E. 

We keep in mind that Dr{0)a = a and Dr{0)(3 = 0. The tangent space TqO 
is equal to Dr{0)E and 

0(0) o Dg{0)\Dr{0)E = Df{0) : TqO ^ 0(O)F. 

From the identity <f){r{y))g{r{y)) = 4'{y)g{y) for all y E O and the identity 
(id —(f>{r{y))g{r{y)) = for all y E E we obtain by linearization at y = that 
(j){0)Dg{0)(3 = and (id — (f)(0)) Dg{0)a = 0. Hence the matrix representation 
of Dgifi) : E F with respect to the splittings looks as follows. 



Dg{0) 



a 




'DfiO) 







a 









(id-0(O))oZ}^(O) 




(3 
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In view of property (3), the linear map (3 H- (id —(j){0))Dg{0) from the kernel 
of Dr{0) onto the kernel of 0(0) is an isomorphism. Therefore, we conclude 
that 

kernel Dg{0) = (kernel Df{0)) © {0}. 

Moreover, Df{0) : TqO — 0(O)F is a Fredholm operator if and only if 
Dg{0) : E ^ E is a. Fredholm operator and in this case they have the same 
indices. Clearly, the linearization Df{0) is surjective if and only if Dg[0) is 
surjective. 

Remark 1.36. We see that, given a solution x of f{x) = 0, the local study 
of the solution set /(y) = for ?/ G O near x of the section /, is equivalent 
to the local study of the solution set g{y) = for y eU near x of the filled 
section g. 

Remark 1.37. We assume that the section (/, 0) has a filled version ((y',0) 
and that s is an sc^-section oi K ^ O. If t is the sc"''-section of f/ < F — )■ F 
defined by tijj) := s(r(y)), then {g + t,0) is a filled version of (/ + s,0). 
Indeed, for x G O we compute {g + t){x) = g{x) + s{r{x)) = f{x) + s{x), 
which is property (1). From {g + t){y) = 4>{r{y)){g + t{y)) we deduce that 

g(y) = (j){r{y))g{y) + (f){r{y))s{r{y)) - s{r{y)) = (j){r{y))g{y), 

implying that ?/ G O so that property (2) holds. Finally, 

[id -(f){r{y))]{g{y) + t{y)) = [id -<P{r{y))]{g{y) + s{r{y))) = [id -(f){r{y))]g{y), 

so that the linearisation of the left-hand side at restricted to Dr{0) satisfies 
the property (3) in view of the assumptions on g. Hence, if (/, 0) has a filled 
version, so does the section (/ + s, 0) for every sc^-section s of the strong 
local bundle K O. 

Next, we introduce a class of so-called basic germs denoted by €^basic- 

Definition 1.38. An element in Cbasic is an sc-smooth germ 

/ : 0{W © W, 0) ^ (M^ © IV, 0), 

where W is an sc-Banach space, so that if P : (B W W denotes the 
projection, then the germ P o f : C)(]R"' © 0) — )■ {W, 0) has the form 

P o /(a, w) = w — B{a, w) 
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for {a,w) close to (0,0) G © Wq. Moreover, for every s > and m > 0, 
we have the estimate 

\B{a, w) — B{a, w')\m < e ■ \w — w'\m 

for all {a,w), {a,w') close to (0,0) on level m. 

We are in the position to define the notion of a Fredholm germ. 

Definition 1.39. Let p : W ^ X he a. strong bundle, x G X^o, and / 
a germ of an sc-smooth section of p around x. We call (/, x) a Fredholm 
germ provided there exists a germ of sc"'"-section s of p near x satisfying 
s{x) = f{x) and such that in suitable strong bundle coordinates mapping x 
to 0, the push-forward germ (? = $*(/ — s) around has a filled version g so 
that the germ {g, 0) is equivalent to a germ belonging to ^basic- 
Let us observe that tautologically if (/, x) is a Fredholm germ and Sq 
a germ of sc+-section around x, then (/ + Sq,x) is a Fredholm germ as 
well. Indeed, if (/ — s, 0) in suitable coordinates has a filled version, then 
((/ ~ -So) — (s — So), 0) has as well. 

Finally, we can introduce the Fredholm sections of strong M-polyfold 
bundles. 

Definition 1.40. Let p : W X he a. strong M-polyfold bundle and / G 
T{p) an sc-smooth section. The section / is called polyfold Fredholm section 
provided it has the following properties: 

(1) / is regularizing. 

(2) At every smooth point x G X, the germ (/, x) is a Fredholm germ. 

If (/, x) is a Fredholm germ and f{x) = 0, then the linearisation f'{x) : 
TxX — )■ Wx is a linear sc- Fredholm operator. The proof can be found in [TO] . 
If, in addition, the linearization f'{x) : TxX — > Wx is surjective, then our 
implicit function theorem gives a natural smooth structure on the solution 
set of f{y) = near x as the following theorem from |10] shows. 

Theorem 1.41. Assume that p : W ^ X is a strong M-polyfold bundle and 
let f be a Fredholm section of the bundle p. If the point x G X solves f{x) = 
and if the linearization at this point f'{x) : TxX — >■ Wx is surjective, there 
exists an open neighborhood U of x so that the solution set 

Su := {y G U\ f{y) = 0} 
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has in a natural way a smooth manifold structure induced from X. In addi- 
tion, Su C Xoo- 

1.5 An Illustration of the Concepts 

In Section E] we shall illustrate the polyfold concept by setting up a proof of 
Theorem 11.311 as a polyfold Fredholm problem. It illustrates the analytical 
and conceptual difficulties in the study of maps on conformal cylinders which 
break apart as the modulus tends to infinity. It also illustrates the notion of 
a strong bundle as well as that of a Fredholm section. 

We denote by F the collection of pairs (a, b) of complex numbers satisfying 
ab ^ and \a\, \b\ < e. The size of e will be determined later. We denote by 
X the set consisting of all tuples (a, 6, w) in which (a, 6) G F and the map 
w : — > Zfe is a C^-diffeomorphism of Sobolev class between the two 
cylinders and satisfying w{p^) = p^. The points and are the points 
corresponding to the boundary points (0, 0) G d(R'^ x S^) before 'plumbing' 
the half-cylinders. Define the filtration {Xm)mmo by declaring that 

(a, b, w) belongs to if w belongs to H^~^'^{Za, Zf,). 

Proposition 1.42. The space X carries in a natural way a second countable 
paracompact topology. For this topology the space is connected. Moreover, X 
carries in a natural way the structure of an M-polyfold built on local models 
which are open subsets of an sc-Hilbert space where the level m corresponds 
to the Sobolev regularity m + 3. 

In other words the space X is locally homeomorphic to open subsets of 
an sc-Hilbert space so that the transition maps are sc-smooth. 

In the next step we shall "complete" the space X to the space X by 
adding elements corresponding to the parameter value a = 6 = 0. This new 
space X will have as local models sc-smooth retracts. Moreover, X will be 
connected and will contain X as an open dense subset. 

We abbreviate by P = T>^'^° the collection of pairs of C^- 

diff eomorphisms , 

u± : M± X ^1 ^ M± X 5\ 

having the following properties. The maps belong to the space Hf^^ and 
there are constants {d^.d^) G M x 5^ and maps G iJ^'''"(M=^ x S^M^) so 
that 

u^{s, t) = {s + d^, t + ^^) + r^(s, t). 
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Moreover, we require that 



M±(0,0) = (0,0). 

The sc-structure on T) is defined by declaring that the m-level Dm consists of 
elements of regularity (m + 3, 5m)- Then we define the set X as the disjoint 
union 

X = X]J({(0,0)}xD), 
in which (0, 0) is the pair (a = 0, 6 = 0). 
Theorem 1.43. 

(1) Fix 5q E (0,27r). Then the space X possesses a natural paracompact 
second countable topology. In this topology the set X is an open sub- 
set of X and the induced topology on X coincides with the previously 
defined topology on X . Moreover, X is connected. 

(2) Fix a strictly increasing sequence (5m)m6No of real numbers staring at 
5q and satisfying < 5^ < 27r and fix the exponential gluing profile if 
given by ip{r) = — e. Then there exists a natural M-polyfold structure 
on X which induces on X the previously defined M-polyfold structure. 

In our discussion of this theorem later on we shall describe some metric 
aspects related to this topology which gives a precise meaning of the conver- 
gence of elements (a, b, w) to (0, 0, («"*", u~)). The construction of the polyfold 
structure on X involves a third kind of splicing which will be explained later. 
Variations of this kind of splicings will be used in SFT. 

For the following we assume that the sequence {6m) and the exponential 
gluing profile (f are fixed so that X has a M-polyfold structure. We consider 
a smooth family 

V I— )■ j^{v) 

of complex structures on the half-infinite cylinders x parametrized 
by V belonging to an open neighborhood of in some finite-dimensional 
vector space V. Moreover, we assume that = i outside of a compact 

neighborhood of the boundaries. It induces the complex structure j{a,v) on 
the finite cylinder if |a| is small enough. Clearly, x X is an M-polyfold. 
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With points {v, a,b,w) & V x X satisfying a 7^ 0, we can associate maps 
z H- (f){z) defined on the cyhnder Za, whose images 

0(2) : (T^ZaJiv)) {T^(^^)Zb,i) 

are complex anti-hnear and belong to the Sobolev space H^. If a = (and 
consequently 6 = 0), then Zq is the disjoint union 

M+ X 5^]Jm- X 

and here we consider two maps z — >■ defined on x whose complex 

anti-linear images 

0±(2) : (r,(M± X S^),3{v)) (T„±(,)(M± x S^),i) 

belong to ifj^^ on Mr^ x where : x S*^ — )■ x are the diffeomor- 
phisms of the half cylinders introduced above. Moreover, the maps 

d 

{s,t) ^ <P^{s,t) — , z = {s,t), 

belong to H'^'^°{R^ x S^, R^) if the tangent space T^(z)Zb is identified with M^. 
The collection E of all {v, a, b, w, (p) in which (j) is as just described, possesses 
a projection map 

— J- y X X, (w, a, 6, w, </)) H- (y, a, 6, itj), 

whose fiber has in a natural way the structure of a Hilbert space. We can 
define a double filtration Em^k of -^^ where < /c < m + 1. An element 
(f , a, 6, iw, 0) belongs to Em,k provided (w, a, 6, u;) G F x and is of class 

Theorem 1.44. Having fixed the exponential gluing profile ip and the increas- 
ing sequence (5m)meNo of real numbers satisfying < 5^ < Svr, the space E 
admits in a natural way the structure of a strong bundle over V x X. 

Finally, we define the section d of the bundle — )■ V x X by its principal 
part 

d{v, a, fe, w) := - {Tw + io (Tw) o j (a, v)) , 
and observe that 

d{v, a, b,w) = 



44 



if and only if the map w : {Za, j{a,v),p'^ ,p~) — > {Zh,i,p^ ,p^) is biholomor- 
phic. 

We shall prove in section 13.41 that the Cauchy-Riemann section d is an 
sc-smooth Fredholm section of the strong M-polyfold bundle E ^ V (B X. 
By the unformization theorem, there exists for every point {v, a) = {vq, 0) a 
unique pair {uq,Uq) of biholomorphic mappings 

preserving the boundary points (0, 0) G x S^) so that the special point 

(fo, 0, 0, Uq, Uq) G © X is a solution of d{vo, 0, 0, Uq, Uq) = 0. 

As a consequence of the implicit function theorem for polyfold Fredholm 
sections in [10], we shall establish near the reference solution biholomorphic 
mappings between finite cylinders for {v,a) close to (fo,0) and a 7^ 0. More 
precisely, we shall prove the following result. 

Theorem 1.45. The Cauchy-Riemann section d of the strong bundle E — >■ 
V X X is an sc-smooth polyfold Fredholm section. Its linearization at the 
reference solution [vq, 0, 0, u^, Uq) ^ V (B X is surjective and there exists a 
uniquely determined sc-smooth map 

$ : B,{ao)®V (BX 
(a, v) (t;, a, b{a, v), w{a, v)) 

satisfying {b{0,VQ),w{0,Vo)) = {0,Uq ,Uq) , and solving the Cauchy-Riemann 
equation 

d^{v,a) = 0. 

Moreover, these are the only solutions near the reference solution. 

Theorem 11.451 describes, in particular, the smoothness properties of the 
family of biholomorphic maps between conformal cylinders which break apart. 
Unraveling the M-polyfold structure on X, we shall obtain the following re- 
sult, where the set P'"'^ is the space of diffeomorphisms : R^ x S*^ — )■ 
R^ X of the half-cylinders of the form 

u^{s, t) = {s, t) + + r±(s, t) 

where have weak derivatives up to order m which weighted by e*^'^' belong 
to L2(M2 X S\R^). 
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Theorem 1.46. Let {vq, 0) ^ V (B C be fixed and let 

{v , a) b{v , a) and {v,a) ^-^ w{v,a) 



be the the germs of maps guaranteed by Theorem 1.45\ and defined on some 
small open neighborhood O{vo,0) and where 

w{v,a) : {Za,j{a,v),p+,p~) {Zb(y,a),i,pt^^^a)^Pb{v,a))- 

is the associated biholomorphic map between the cylinders if a ^ 0. 

Then given a constant A > 0, the following holds on a possibly smaller 
neighborhood O{vo,0) . There exists a map 



,m,e 



{a,v) i-^ w{v, a) ^ 1^ T) 

m>3fl<e<2iT 

having the following properties. For every m > 3 and every < e < 27i the 
map 

{v,a) ^w{v,a) eP'"'" 

is smooth and satisfies 

w{v,a){s,t) = w{v,a){s,t) 
for all {s,t) G [0, |</3(|a|) + A] x 5*^ In addition, 

w{v,a){s,t) = {s + d^y^a),'t + 'd(y^a))- 

for s > s{a), that is, for large s where large depends on the gluing parameter 
a. 

2 Exploring Sc-Smoothness 

In chapter [1] we have presented background material and some of the basic 
resuhs used in the construction of the polyfold structures in the SFT. Their 
proofs in chapter [3] rely on the technical results which we shall prove now in 
chapter [2l 
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2.1 Basic Results about Abstract Sc- Smoothness 



In this subsection we relate sc-smoothness with the more famihar notion of 
being or . In particular, we shall prove Proposition ll.Ql and Proposition 
11.101 The first result relates the sc^-notion with that of being and provides 
an alternative definition of a map between sc-Banach spaces to be of class 

SC"*". 

Proposition 2.1. Let E and F he sc-smooth Banach spaces and let U be 
a relatively open subset of a partial quadrant C in E. Then an sc^-map 
f : U ^ F is of class sc^ if and only if the following conditions hold true: 

(1) For every m>\, the induced map 

f • y Fjji_i 
is of class . In particular, the derivative 

df : L{Em, Fjn-i), X df{x) 

is a continuous map 

(2) For every m > 1 and every x G Um, the bounded linear operator df {x) : 
Em — Fm~i has an extension to a bounded linear operator Df{x) : 
Em^i — Fm~i- In addition, the map 

f/^©E„„i {x,h)^Df{x)h 

is continuous. 

Proof. It is clear that the conditions (1) and (2) imply that the map / is 
sc^. The other direction is more involved and uses the compactness of the 
inclusions Em+i — )■ Em in a crucial way. 

Assume that f : U — )■ F is of class sc^. Then the induced map / : f/i — ?■ F 
is differentiable at every point x with the derivative df{x) = Df{x)\Ei G 
L[Ei,F). Hence the extension of df{x) : Fi — > F to a continuous linear 
map F — > F is the postulated map Df{x). We claim that the derivative 
X I— df{x) from Ui into L(Fi,F) is continuous. Arguing indirectly, we find 
an £ > and sequences x„ — x in f/i and hn of unit norm in Fi satisfying 

\df{Xn)hn - df{x)hn\o > E. (8) 
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Taking a subsequence we may assume, in view of the compactness of the 
embedding Ei Eq, that hn ^ h in Eq. Hence, by the continuity property, 
df {xn)K = Df{xn)hn -> Df{x)h in Fq. Consequently, 

df{xn)hn - df{x)K = Df{xn)K - D f {x)hn ^ D f {x)h - Df{x)h = 

in Fq, in contradiction to ([8]). 

Next we prove that / : Um+i — ^ Fm is differentiable at x G f/m+i with 
derivative 

df{x) = Df{x)\E^+^ G L(E„+i,F^) 

so that the required extension of df{x) is Df{x) G L{Em, Fm)- The map 
/ : f/i — J- Fq is of class and df{x) = Df{x)\Ei. Since, by continuity 
property (2), the map {x, h) h- )■ Df{x)h from Um+i®Em — )■ Fm is continuous, 
we can estimate for x G Um+i and h G Em+i, 



l*^! m+l 



< 



[Df{ 

m+l 

Df{x + Th) 



X 



Df{x)h\m 

Th)-h-Df{x)-h]dT 
-Df{x 



h_ 



1^1 m+l 



dr. 



Take a sequence /i — )■ in Em+i- By the compactness of the embedding 
-Em+i — ^ Em, we may assume that t^t Hq in Em- By the continuity 

I"! m+l 

property we now conclude that the integrand converges uniformly in r to 
\Df{x)hQ — Df{x)ho\m = as /i — in Em+i- This shows that / : Um+i — ^ 
Fm is indeed differentiable at x with derivative df{x) being the bounded 
linear operator 

df{x) = Df{x)\Em+ieL{Em+i 

The continuity of x H- df{x) G L{Em+i, Fm) follows by the argument already 
used above, so that / : Um+i — > Fm is of class C^- This finishes the proof of 
the proposition. ■ 

As a consequence of Proposition 12 . 1 1 we obtain the following proposition. 

Proposition 2.2. If f : U V is an sc^-map, then the induced map f : 
is also so''. 
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Proof. We prove the assertion by induction with respect to k. Assume that 
k = 1 and that f : U V is sc^. Equivalently, / satisfies parts (1) and (2) 
of of Proposition 12.11 for all m > 1. This implies that, after replacing E and 
F by and and U hj U^, the map f : F^ also satisfies the points 

(1) and (2) of Proposition 12. ![ Applying Proposition 12.11 again, we conclude 
that / : f/i ^ FMs sc^ 

Now assume that the assertion holds for all sc'^-maps and let f : U ^ V 
be an sc'^"'"^-map. This means that the tangent map Tf : TU — )■ TV is sc'^. 
Then, by induction hypothesis, the tangent map Tf : (TUy (TVy is an 
sc'^-map. Since T{U^) = (TUY and T(y^) = {TVy, we have proved that 

Tf : T{U^) -> T{V^) 

is an sc'^-map. But this precisely means that f : ^ is an sc'^"'"^-map. 
The proof of the proposition is complete. ■ 

Next we study the relationship between the notions of being and sc^. 

Proposition 2.3. Let U and V he relatively open subsets of partial quadrants 
in sc-Banach spaces E and F , respectively. If f : U V is sc^ , then for 
every m > the map f : ?7m+fe Vm is of class . Moreover, f : Um+i — )■ 
Vm is of class C' for every < I < k. 

Proof. The last statement is a consequence of the former since an sc'^-map is 
also sc'-map for < / < A;. Now we prove the main statement. Note that it 
suffices to show that f : Uk ^ Fq is of class C'^. Indeed, by Proposition 12. 2[ 
the map / : t/™ — )■ V"^ is of class sc*^ and so we can repeat the argument of 
Proposition 12.21 for the map / : U"^ — V"^ replacing the map f : U ^ V. 

We prove the result by induction with respect to k. If A; = the statement 
is trivially true and if /c = 1 it is just the condition (1) of Proposition 12.11 Now 
we assume that result holds for all sc'^-maps and let / : f/ V he an sc'^+^- 
map. In particular, / is of class sc'^ which, by induction hypothesis, implies 
that / : [/fc — )■ Fq is of class C'^. Also, the tangent map Tf : TU — )■ TF is of 
class sc'^ and therefore Tf : {TU)k = Uk+i ® E^ ^ TF is of class C'' as well. 
Denoting by vr : TF = F^ ® F ^ F the projection onto the second factor, 
we consider the composition 

$ := TT o T/ : f/fc+i © Ffc -> F, {x,h) ^ D f{x)h. 
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We know that the map $ is of class C^. Taking k derivatives but only with 
respect to x, we obtain a continuous map 

Uk+i (BEk-^ L\Ek+i, Ek+i; F), {x, h) ^ h). 

Observing that this map is linear mh (z and is continuous, we obtain the 
map 

r : Uk+i — L^^^{Ek+i, . . . , Ek+i] F) 

defined by 

V{x) : Ek+i © ... © Ek+i ^ F, (/ii, ...,hk,h)^ {DI^){x, h){hi, . . . , hk). 

We claim that F is continuous. Indeed, arguing indirectly we find a point 
X in f/fe+i, a number e > 0, and sequence of points (a;„, hi^n, ■ ■ ■ , hk,n, hn) G 
f/fc+i ©-Efc+i © . . . ©-Efc+i so that x„ — J- X in f/^+i, all /i^.n and /i„ have length 
1 in the norm H^+i, and 

,ni hn )|o>e>0. (9) 

Since the inclusion -Efc+i — ?• E^ is compact, after perhaps taking a subse- 
quence, we may assume that hn ^ h in E^. Then {xn,hn) {x,h) in 
f/fc+i © Ek and, by the continuity. 

This, however, contradicts since 
)-T{x)){h, 

,ni • • • J hk^ni 

= hn) - . . . , hk,n)\0 

< \i{D',^){Xn,hn) - {D',<^){x,hn))\LHE,^,_E,^,,Fy 

We shall now prove that / : Uk+i — )■ -F is of class C^~^^ by showing that 
the limit of 

-^[D'^fix + 6x) - D'fix) - r(x)(-, 6x)] 

in L{Ek+i, . . . , -E/fc+i; F) is equal to 0. For x G ?7fc+i, 5x G -Efc+i small, and 
t G [0, 1], we consider the C'^-map 

{t, 6x) Df{x + t6x)6x. 



50 



Integrating with respect to t, obtain the C'^-map 

(x, 6x) I— f{x + 6x) — f{x). 

Differentiating this map k times with respect to x, we find for hi, . . . ,hk G 
Ek+i that 

D'^fix + 6x){hi, ...,hu)- D^f{x){hu ...,hk) 
= Dl{f{x + 6x)-f{x))[hi,...M) 



Dl (^j^ {Df{x + t5x)5x)dt^ {hi, ...,hk) 

[ Dl{{Df{x + t6x)5x){hi,...,hk)dt 
Jo 

/ T{x + t6x){hi, . . . , hk, 6x)dt. 
Jo 



Hence 

■ [{D'fix + 5x) - D'fixMhi, ...,hk)- nx){hi, ...,hk, Sx)] 

\"^\ k+i 

/•I 

= [{T{x + t6x)-T{x)){hi,...,hk,T-- )] dt. 
Jo I^^U+i 

Letting 5x — )■ in Ek+i and using continuity of the map T : Uk+i 
L{Ek+i, . . . , Ek+i, F), we conclude that the left-hand side above converges 
to in L{Ek+i, . . . , Ek+i, F). Consequently, / : Uk+i — )■ F is of class C''^^ 
and the proof of Proposition 12.31 is complete. ■ 

The next result is very useful in proving that a given map between sc- 
Banach spaces is sc-smooth. 

Proposition 2.4. Let E and F be sc-Banach spaces and let U be a relatively 
open subsets of partial quadrants in E. Assume that for every m > and 
< I < k the map f : U ^ V induces a map, 

f '■ Um+i — > Fm, 
which is of class C''^^. Then f is sc'^'^^. 
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Proof. The proof is by induction with respect to k. In order that the induc- 
tion runs smoothly we have to prove shghtly more. Here is our inductive 
assumption: 

(Sk). If a map f : U F induces maps / : Um+i — ^ Fm of class C'+^ 
for all m & No and < I < k, then / is of class sc'^^^. Moreover, if 
vr : T^+^F — )■ denotes the projection onto a factor of T^~^^F, then the 
composition vr o T'^+^f ■ j^k+ijj F'- is a. linear combination of maps of the 
following type, 



r : f/'=+^ © © . . . © E"^- ^ 

. . . ,XfcJ ^ d?{xi){xk^, . . .,Xkj), 

where Xi G Uk+i, ^ and where the nonnegative indices j, fc, / and Ui 
satisfy j + I — 1 < Ui < k. 

We start the proof with A; = 0. By assumption, f : Uq ^ Fq is of class C^. 
For Xi e Ui, we define the map Df{xi) : Eq ^ Fq by Df[xi)x2 = df{xi)x2 
where df{xi) is the linearization of / : f/o — )■ Fq at the point Xi. Then 
Df{xi) G C{Eo,Fo) and as a map from Fi — )• Fq, the map Df{xi) is the 
derivative of / : t/i — )■ Fq at the point xi. The tangent map T/ : TE — )• TF 
is, by definition, given by 

Tfixi,X2) = {f{xi),df{xi)x2). 

Since the tangent map is continuous, we have proved that / is sc^. If vr is 
a projection onto any factor of TF, then the composition vr o Tf is either 
the map F^ — F'^ given by Xi i— ?■ /(xi) or the map vr o T/ : F-*^ © F — j- F 
defined by vr o Tf {xi,X2) = df {xi)x2- Both maps are of the required form 
and the indices satisfy the required inequalities. This finishes the proof of 
the statement (Sq). 

Next we assume that we have established (Sk) and let / : f/ — )■ F be a map 
such that / : Um+i — ^ F^ is of class C'"*"^ for all m E Nq and < I < k + 1. 
In particular, since the map / satisfies the statement (Sk), it is of class 
sc'"'^^ and, in addition, the compositions vr o T^+^f ; j^^+i jr; pi q^-q linear 
combinations of maps of types described in (Sk). We have to show that / is 
sc'"'^^ and to do this we show that the tangent map T^+^f is sc^. It suffices 
to show that any of the terms making up the composition vr o T^+^f is sc^. 
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Hence we consider the map T : [7*^+^ © E"^^ © ... © E^^ — )■ given by 

T{xi,Xk,,. . . = d^{xi){xk^, . . . ,XfcJ (10) 

with Xi G Uk+i, G -En- and the indices satisfying j + I — 1 < Ui < k. 
Given (xi, x^,, . . . , x^.) e © F"i+^ © ... © the candidate for the 

hnearization 

DT{xi,Xk„...,Xk^) : © © . . . © E"^- 
is the map defined by 

j 

) + ^d^ f{xi){xk,, . . . ,Sxk,, . . . ,Xkj). (11) 

i=l 

The map in f llip is well-defined. Indeed, by assumption j + l — l<ni<k, 
so that the map / : W+^-^ is of class Since E'' C F"' C F-'+'-\ it 

follows that the map 

h^F', 5xfc^ ^ d^f{xi){xk,,...,Sxk,,...Xk^) 

is a bounded linear map. Similarly, since j + I — 1 < Ui < k, we have 
J + / < ni + 1 < + 1 and that U''+^ © F'^+i © F"i+i © ... © F"^+i C © 
F-'"'"' © ... © F-'"^'. Since by our inductive assumption the map / : f/-'"^' — F' 
is of class C^+i, it follows that for given (x^,, . . . , x^J e F"i+^ © ... © F"j+^ 
the map [7^^+^ — F' defined by xi (-)■ d^ f\xi){xk^, ■ ■ ■ ,Xkj) is of class 
which implies that the first term in f|TT]) defines a bounded linear map 

F^+i ^ F', 5x1 ^ rf^+V(a;i)(5xi,Xfc„ . . . ,XfcJ. 

Hence the map DT{xi, x^j, . . . , x^J : F''+^ © F'"i © . . . © F"^ F' defines a 
bounded linear operator and, as a map from F'^"'"^©F"^"''^©. . .©F"^"''^ — )■ F^, 
it is the derivative of T : U^^"^ © F"i+^ © ... © F"^+^ F'. Moreover, the 
evaluation map 

DT : f/^"+2 © F"i+^ © ... © F"^'+^ © F^+^ © F"i © . . . © F"^' ^ F' 
(xi,Xfc,, . . . ,Xfc^.,(5xi,(5xfci, . . . (5xfc.) Fr(xi,Xfc,, . . . , Xfc^., (5xi, fefc^, . . . 5xk^) 

is continuous. So, the map F is sc^ and hence the tangent map T^+'^f ; 
j'k+ij^ _s. j^k+ijp class sc^. We have proved that / : — > F is of class 
sc'^+2. The tangent map T'^+V ; 7-^+2^ ^ ^"^+2^ is of the form 

T'+^f{xi,...,X2.+2) 

= (T''+V(a;i, • • . ,X2fc+i),FT*=+V(a;i, • • . , X2fc+i)(x2fc+i+i, . . . ,X2fc+2). 
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We consider the composition vr o j'^+'^j^ If vr is a projection onto the first 
2^ summands we see the terms guaranteed by the induction hypothesis (Sk) 
but now with the index of the spaces raised by one. If vr is a projection 
onto any of the last 2^ factors, the previous discussion shows that they are 
linear combinations of the maps occurring in f lTTj) . Denote the new indices 
by j',k',l' and n'^. Then in case of the map d^~^^f{xi){6xi,Xkj^,---,Xkj) in 
f lTT]) . we have k' = k + = j + 1,1' = I and n[ = k + 1 and n[^-^ = rii + 1 
for i = 1, . . . , j. For the map f{xi){xki, • • . , Sxk^, . . . , Xkj), we have k' = 
k + = j, I' = I and = rij and n'^ = 77,^ + 1 for s ^ i. One checks that 
the new indices satisfy the required inequalities. Hence (Sk+i) holds and the 
proof of Proposition 12.41 is complete. ■ 

There is a useful corollary to Proposition 12.41 

Corollary 2.5. Let U G C G E be a relatively open subset of a partial 
quadrant in the sc-Banach space E. Assume that f : U ^ is a map so 
that for some k and all < I < k the map f : Ui ^ belongs to C''^^ . 
Then f is sc^^^ . 

2.2 Actions by Smooth Maps, Proof of Theorem 11.261 

This section is devoted to the proof of Theorems 11.261 We recall the set-up. 
Denoting by D the closed unit-disk in C and by V an open neighborhood of 
the origin in M", we consider a smooth map 

V D ^ D, {v, x) 

satisfying 0o(O) = 0. We equip the Hilbert space E = H^{D,R^) with the 
sc-structure E^ = if^"'""*(-D, M^) and introduce the map 

^■.V®E^E, {v,u) ^ uo (p^. 

Since (p^ : D ^ D is smooth, the map $ preserves the levels. In the following 
we shall refer to the map $ as to an "action by smooth maps" . 

Theorem 2.6. The above map ^ : V (B E ^ E is sc-smooth. 

Proof. We proceed by induction. Here is our inductive hypothesis: 
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(Sk). The map 

is sc^ and for every projection tt : T^F onto a factor of T'^E, the 

composition tt o is a finite hnear combination of maps of the form 

\/ © E'" © (M")P -» {v, h,ai,..., ap) ^ <^{v, D^'h) ■ f{v, ai, . . . , a^) 

where f : V (B (M")^ x — )■ M is a smooth function which is hnear in every 
variable Cj. Moreover, < m — j and p < k. 

In the case k = 0, there is exactly one projection vr : T^E = E ^ E, 
namely the identity map. So, the composition 7ro$ = $ has the required form 
with m = j = 0, a = (0, 0), and / = 1, where the empty product of a^'s is 
defined as being 1. To prove that $ is sc°, we fix a point (f o, Mq) ^ V (B E^, 
and, for given r > 0, we choose a smooth map wq : D ^ satisfying 
1^0 — t^olm < Then we estimate 

\^{v,u) - <l>(t;o,uo)U < \Hv,u) - <^>(^^w;o)U+ |$(t',w^o) - $(t'o,w^o)|m 

=:I + II + III. 

For w close enough to wq, the map Em Em defined by /i i— )■ /i o 0^ is a 
bounded linear operator with uniformly bounded norm by a constant C which 
only depends on an arbitrarily fixed small neighborhood of Vq. Consequently, 
we obtain the following estimates for the terms / and ///, 

I < C ■ \u — Wo\m < C ■ \u — Uo\m + C ■ \uo — Wo|m < C ■ \u — Uo\ + C ■ T 

and 

/// < C ■ \uo — Wo\m < C ■ r. 

Since wo and {v,x) H- (j)v{x) are smooth, it follows immediately that D°'{woo 
— > D°'{w o as f — J- Vq. In particular, wq o (j)^ w o (j)^^^ in Em which 
implies that 

II ^ 0, as V ^ Vq. 

The number r can be chosen to be as small as we wish, so that our estimates 
show that $ is continuous on every level m, that is, the map $ is of class 
sc°. So, (So) holds. 

To simphfy the further steps, it turns out to be useful to first prove (Si). 
We write s + it for the coordinates on C and introduce the notation = 
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(^4^,-8^,) where the maps V x D ^ R, H- Ay{x) and H- B^{x) 

are smooth. The derivatives of and with respect to the variable v are 
denoted by DA^ and DB^, respectively. 

The candidate for the linearization D^{y,u) : V ® E E aX the point 
{v, u) & V ® E^ \s given by 

D(^(y, u){a, h) = ^{v, h) + <l>(t;, Us) ■ DA^ ■ a + ^{y, Ut) ■ DB^ ■ a (12) 

where (a, h) eV ® E. 

Recalling that $ is sc*^ and observing that the maps E^ ^ E defined 
by n I— 7- Us, are sc-operators and the functions V x D ^ M. defined by 
{v, x) (— 7- DAi,{x) ■ a, DB^,{x) ■ a are smooth, we see that the map 

T{V®E)^TF, {v,u,a,h) ^ {<!>{v,u),D<l>{v,u){a,h)), (13) 

is sc° where D^{v, u){a, h) is defined by f lT2|) . 

It remains to show that the right-hand side of f|T2l) defines the lineariza- 
tion of $. With (w, u, a, /i) G T(V" © E), we have 

$(v + a,u + h) - ^{v, u) - D^{v, u){a, h) 
= ^{v + a,h) - $(f, h) 

+ / [^{v + ra, Us)DAi,+ra ■ a - ^{v, Us)DAj, ■ a] dr 
Jo 

+ / [^{v + ra, ut)DBv+ra ■ a - $(f , Ut)DB^, ■ a] dr 
Jo 

= 1 + 11 + III. 
We have used the formula 

d 

^{v + a,u) - ^{a,u) = / —^{v + T-a,u)dT. 

Jo dr 

We consider the term /. Since $ is linear with respect to the second variable, 
we have 



\a\ + \h\] 



\<^{v+a,h)-(^{v,h)\^ 





\h 


1 


\a\ 


+ \h\i 



for h ^ 0. The inclusion Ei — )■ Eq is compact and hence we may assume that 
1^ — !■ ho in Eq. Since $ is sc°, we conclude that 

\^{v + a,h) - ^{v, h)\o -+ 
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\a\ + \h\i 



as 



\a\ + \h\i — )■ 0. Next we consider the second term II. We have, for a 7^ 0, 

/ [$(f + ra, Us)DAy^T-a ■ 0, — $(f , Us)DAy ■ a] dr 
Jo n 



a + \h\i 



< 





a 




\a 


+ 


h 


1 



dr 



Since $ is sc" and 1— )■ is smooth, we conclude that the above 

expression converges to as |a| + |/z|i ^ 0. The same holds for the term ///. 
Thus, 

1 

\^{v + a,u + h) - ^{v, u) - D^{v, u){a, h)\o ^ 



\a\ + 

as \a\ + \h\i — )■ so that the right-hand side of (fT2|) indeed defines the 
linearization of $ in the sense of Definition 11.81 Moreover, the tangent map 
T$ : T{V © -E) — TE given by ( IT3l) is sc°. Summing up, the map $ is 
sc^. From ( IT2l) . if follows that the compositions of the tangent map T$ 
with projections it onto factors of TE are linear combinations of maps of the 
required form. This completes the proof of (Si). 

Next we assume that the assertion (Sk) has been proved and claim that 
(Sk+i) also holds. It suffices to show that the compositions of the iterated 
tangent map T''^ : T'^iV ® E) ^ T'^E with the projections vr : T^E E^ 
onto the factors of T^E are sc^ and their linearizations have the required 
form. By induction hypothesis, vr o T^<^ is the linear combination of maps 
having the particular forms, and it suffices to show that our claim holds for 
each of these maps. Accordingly, we consider the map 



pn\p 



where we have abbreviated a = (ai, 



The function f : V x 



D — M is smooth and linear in each variable Oj. Moreover, \a\ < m — j and 
p < k. Observe the the map \l/ is the composition of the following maps. 
The map 

_^ ^m-|a| defined by h ^ D'^h is an sc-operator and hence 
sc-smooth, it is composed with the map 



$ : 1/ © ^ E\ 



which we already know is of class sc^. By the chain rule, this composition 
is at least of class sc^. So, multiplication of this composition by a smooth 
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function V © (R")^ — t- M defined by (f,a) H- f{v,a,-) gives an sc^-map. 
Having established that \1/ is sc^, it remains to show that the compositions 
TT o of the tangent map : T{V © © (Wyp) T{F^) with the 
projections onto factors of T[F^) are hnear combinations of maps of the 
required form. The tangent map is given by 

T^(t;, h, a, 5v, Sh, 5a) = (^(w, h, a), D'^{v, h, a){5v, 5h, 5a)) 

where {v, h,a) eV ® © (M")^ and {5v, 5h, 5a) G © E'"" © (M")p. If 

7T : T{E^) = E^'^^ © E^ — E^~^^ is the projection onto the first factor, then 
TT o T\I/ = \I/ and this map, in view of inductive hypothesis, has the form as 
required in (Sk) but with the indices m and j raised by 1. So, we consider 
the projection onto the second factor and the map vr o T\l/ = D^^. Using the 
chain rule and the linearization of $ given by (fT2|) . the linearization D^^ is a 
linear combination of the following four types of maps: 

(1) ^ © © ^ F, 

{v, 5h, a) f-> <^{v, D''{5h)) ■ f{v, a). 

(2) V © E^+i © (M")P+i -> F, 

{v, h, {5v, a)) ^ <^{v, ■ {DA^ ■ 5v)f{v, a) 

and 

{v, h, {5v, a)) ^ ■ {DB^ ■ 5v)f{v, a). 

(3) V © E^+i © (M'^)P+i ^ F, 

(w, /i, a) $(f , ■ D^f{v, a) ■ 5v. 



(4) \/ © F'^+i © (R'^)P+i ^ F, 

(w, /i, (a, (5ai)) h-> ■ /(w, (ai, . . . , (Joj, . . . , a^)) 

for every 1 < i < p. 

These types are all of the desired form. Having verified the statement (Sk+i), 
the proof of Theorem 11.261 is complete. ■ 
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We mention a related result which has application in the constructions 
of SFT. We assume that V is an open neighborhood of in M" and let the 
following data be given: 

(1) Smooth maps c : — > R and d : V S^. 

(2) A smooth map 

y X (M+ X S^) M^ {v, (s, t)) ^ r^(s, t) 
where the function 

r„:V H"''%R+ x S^) 
is smooth for every m > 3 and every e G (0, 27r). 

(3) eV and {s,t) G M+ x S\ then 

(s + c{v),t + d{v)) + r^(s, t) G M+ X S^. 

For every v G V, define the map (py : x S*^ — x by 

t) = (s + c{v),t + d{v)) + r„(s, t). 

Given a strictly increasing sequence (5m)meNo of real numbers satisfying < 
(^o < < 27r , we equip the Banach space 

E = i/3A(M+ X S\R^) 

with the sc-structure defined by E = H''^+"^'^^ (R+ x 5\M^). We also define 
the Banach space E by 

E := + H^'^%R+ X S\R^). 

A map u : M'^ x — ?■ belongs to E if it belongs to H\^^ and if there 
exists a constant c G R"' satisfying u~ c E H^'^°(R'^ x S^, R^) so that u can 
be written as m = c + (u - c) G + H^'^''{R+ x S\ M^). 

Theorem 2.7. Let (j)^ he as described above. Then the composition 

"^-.VQE-^-E, (w,u)t-^no0^ 
is well-defined and sc-smooth. The same result is true if we replace E by E. 
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The proof is in its structure quite similar to the previous proof. It is clear 
that the result follows for E once it is proved for E. One first shows that 
is sc". Fixing an m one should recall that compactly supported smooth 
maps are dense in Em- For a compactly supported map wo the convergence 
'i/{v,wo) — > "^{voyWo) in Em as f — )■ vq is obvious. Then one easily verifies 
that for V in a suitable open neighborhood of Vq there is a uniform bound of 
the operator norm of \E'(f , ■). From this point on we can argue as in a previous 
proof to obtain continuity. Next one proves that \Ef is sc^ and proceeds by 
induction. We leave the details to the reader. 

2.3 A Basic Analytical Proposition 

We continue with our study of sc-smoothnees. We denote by ip the exponen- 
tial gluing profile 

ip{r) = — e, r > 0. 

With the nonzero complex number a (gluing parameter) we associate the 
gluing angle ^9 G S*^ and the gluing length R via the formulae 

a=|a|e-2"^'' and R = ip{\a\). 

Note that i? — ?■ oo as |a| — ?■ 0. 

We denote by L the Hilbert sc-space L^(M x S'^,M^) equipped the sc- 
structure {Lm)mmo defined by Lm = H"^'^'"(R x S^M^), where {Sm) is a 
strictly increasing sequence starting with 6o = 0. Let us also introduce the 
sc-Hilbert spaces F = H^'^°(M. x S'^jM^) with the sc-structure whose level 
m corresponds to the Sobolev regularity (m + 2,6m)- Here Sq > and {6m) 
is a strictly increasing sequence starting with 6o- Finally we introduce the 
sc-Hilbert space E = x S'^jM^) whose level m corresponds to the 

regularity (m -|- 3, 6m) and the sequence {6m) is as in the F-case. 

With these data fixed we prove the following proposition. The proposition 
has many applications. In particular, it will be used in Section 13.21 in order 
to prove that the transition maps between local M-polyfolds are sc-smooth. 

Proposition 2.8. The following four maps 

r, :5i©G^G, i = l,...,4, 
where G = L, G = F or G = E, are sc-smooth. 
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(1) Let /i : M — 7- M 6e a smooth function which is constant outside of a 
compact interval so that /i(+oo) = 0. Define 



if a ^ and Ti{0, h) = /(— oo)/i if a = 0. 
(2) Let /2 : M — > M &e a compactly supported smooth function. Define 



if a ^ and r2(0, /i) = if a = 0. 

(3) Let /s : R — 7- M 6e a smooth function which is constant outside of a 
compact interval and satisfying fsioo) = 0. Define 



if a ^ and T^^O, h) = f^{—oo)h if a = 0. 
(4) Let /4 : M — !■ M 6e a smooth function of compact support and define 



if a ^ and T^lO, h) = if a = 0. 

Let us first note that we only have to prove the proposition in the case 
G = L, since the other cases are obtained by taking the sequence {6m) for 
the L-case and raising the index by 2 in the case G = F and by 3 in the 
case G = E. The key point in the proof is the following. The gluing length 
R as well as the gluing angle are functions of the gluing parameter a. 
As long as a 7^ these functions are smooth. However, as a — their 
derivatives blow-up. To achieve sc-smoothness as stated in Proposition 12. 8^ it 
is important that the other terms occurring in the formulae have a sufficient 
decay behavior. There the assumption on exponential decays, as well as the 
filtration by levels comes in. We will only consider the maps Fi and the 
proofs for the maps and r4 are quite similar and left to the reader. The 
proof will require several steps and takes the rest of this section. In the first 
step we prove the sc°-property. 
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Lemma 2.9. The maps Ti and T2 are sc°. 

Proof. Since, in view of Proposition I4.H the shift operator is sc°, the only 
difficulty can arise at a = 0. We begin with the map Fi. We may assume 
without loss of generality that 00) = 1 so that Ti{0,h) = h for every 
h & L. Fix a level m and observe that 

|Fi(a, h)\m<C'- 

with the constant C = C ■ [maxo<fc<m sup]g|/^'^^|] independent of a and h. 

The smooth compactly supported maps are dense in Lm for every m. 
If Mo a smooth compactly supported function and \a\ is sufficiently small, 
then Fi(a, Uo) = Uq. Given G and e > 0, we choose a smooth com- 
pactly supported function uq satisfying \uo — ho\m < £■ Then, recalling that 
Fi(0, ho) = ho and using (fT4|) . we have, with \a\ sufficiently small, the follow- 
ing estimate, 

|Fi(a, h) - Fi(0, ho)\m = |Fi(a, h) - /iqU 

= |ri(a, h) - Fi(a, ho) + Fi(a, ho) - Fi(a, uo) + Uo - ho\m 

< |Fi(a, h) - Fi(a, /lolm + |ri(a, ho) - Ti{a,Uo)\m + |% - ^oU 

< C\h - ho\m + (C + 1)|mo - ho\m. 

So, if \h — ho\m < £, then 

|Fi(a,/i)-Fi(0,/io)|™< (2C+1)£ 

which proves continuity of Fi at (0, ho) on level m. 

The sc°-property of the map F2 is more involved. Again, the difficulty 
arises at a = 0. We fix a level m and first show that the norm of F2(a, h) is 
uniformly bounded with respect to a close to 0. By assumption, the support 
of /2 is contained in the interval [—A, A]. If a is sufficiently small, then 
[-A - f ,A - |] C (-00,0] and [-A + |,A + |] C [0, 00), respectively. 
Assuming h G Lm, we estimate the norm \T2{a, h)\m- The square of the 
norm |F2(a, h)\m is equal to the sum of the integrals 

2 

e^-^^l^l dsdt (15) 



max sup|/ 

0<fc<m TO 



ik)\ 



C\h\ 



(14) 



la 



R 



R,t-^) 
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with |q;| < m and where we have abbreviated S/j = [—A + ^, A + ^] x S^. 
Denoting by C a generic constant independent of a and h, we estimate the 
integral /„ in f|T5|) as follows 

Ia<C [ \D^h{s -R,t- ^)\^e^^"^' dsdt 

<C [ |D"/i(s,t)|2e2'^'"(^+^) dsdt 

= C [ |D°/i(s,t)|V'^'"V^'"(2^+^) M 



-R 

^^i&^A(j I \D"h{s,t)\'^e-^^'-' dsdt 



Hence 



^2{aMra<e''-^C-\hU (16) 



where C is a constant independent of a and h. Now if mq is a smooth com- 
pactly supported map and a is sufficiently small, then r2(a,uo) = 0. Given 
and e > 0, we choose a smooth compactly supported map uq so that 
— UQ\m < £■ Using the estimate (fT6|) . we compute for \a\ small and 
h G Lm satisfying \h — ho\m < £, 

\T2{a, h) - 12(0, /io)U = |r2(a, h)\^ 

= \T2{a, h) - r2(a, ho) + 12(0, /iq) - r2(a, no)|m 

< |r2(a, /i) - r2(a, /io)U + |r2(a, /lo) - r2(a,no)U 

< Ce'-^^{\h - ho\m + \ho - %U) < 2Ce'^-^£, 

showing that r2 is continuous at (0, /iq) on level m. This completes the proof 
of the lemma. ■ 

Next we derive decay estimates. The constants djn+k,m in the lemma are 
defined, for every pair of nonnegative integers (m, k), as the differences 

dm+k,m • '^i^^m+k ^m)- 
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Lemma 2.10. For every pairs {m,k) of nonnegative integers, there exists a 
constant C = C{m, k) > independent of h and a so that 



\h - ri(a, /i)U < C ■ e-'^'"+^--^ ■ \h\m+k 
\T2{a,h)\m<C ■e-'''-+'^'"^-'^-\h\ 



I m+k 



for all h G L^+k- Here R = ip{\a\). 



Proof. We begin with the map Fi. Again we assume that oo) = 1. The 
function / = 1 — /i satisfies /(s) = for s <^ and /(+oo) = 1 and we 
study the map r{a, h) = h — Ti{a, h) which is defined by 



T{a,h){s,t) = f{s-^]h{s,t). 



The support of /(■ 



is contained in [—A + ^, oo) and hence contained in 



[0, oo) if a is sufficiently smaU. For such an a and for h G i^m+fc; the square 
of the norm |F(a, h)\m is the sum of the integrals 



-/J-(^(-f) 



h{s,t) 



dsdt 



with \a\ < m. Here we have abbreviated S/j = [—A + -^,00) x . Then, 
with C denoting a generic constant independent of a and /i, we estimate 

Ia<CY^ I \D^h{s,t))\^e^^^-' dsdt 

\l3\<\a\ -^^R 

f \D^h{s,t))\^e^^^+^'-'^'^^+^'^' dsdt 
I \D^h{s,t))\^e^^-^+^' dsdt 

Since |F(a, /i)|^ = 'Yl,\a\<m-^a, we obtain the required estimate, 

|r(a,/i)U<Ce-'^-+'=-«-|/iU+fc 

for a sufficiently small and h G Lm+k with some constant C independent of 
a and h. This is exactly the required estimate. 



<^ (J^ — '^'im + k.mR 
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We turn to the map The support of /2 is contained in [—A, A] for 
some A > 0. Hence, the support of /2(- — -|) is contained in the interval 
[-A + f ,y4 + |]. Moreover, if |a| is sufficiently small, then [-A-f, A-f] C 
{—oo, 0] and [—A + ^,A + ^] C [0, oo). We estimate the square of the norm 
|r2(a, for h G Lm+k and sufficiently small \a\. The square of the norm 
\^2{0',h\m is equal to the sum of the integral expressions 

D" (f2 (s - h{s -R,t- ^)] e^^^' dsdt 



with |a| < m and where S/j denotes the finite cylinder [— ^, A + S^. 
With C denoting a generic constant not depending on a and h, the integral 



la can be estimated as follows. 



Ia<C [ iD'^his -R,t- ^)\^e^^"^' dsdt 
= C [ \D^h{s,t)\^e^^^^'+^^ dsdt 

< C'e-2'^'"+'--'"^ I |D°/i(s,t)|2e-2^™+^^ dsdt 



m+k' 



Thus, 



I m+k 

for all a sufficiently small and h G Lm+k- The constant C is independent of 
a and h. The proof of Lemma 12.101 is complete. ■ 

From the sc-smoothness of the shift-map proved in Proposition 14.21 we 
conclude the following lemma. 

Lemma 2.11. The maps M © L — )■ L, defined by 

R 

{R,u) ^ - -)u 

(R,v)^ f2{--^H--R,--^), 
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are sc-smooth. 

We will need estimates for the derivative of the functions a i— ?■ R{a) = 
gR _ where a = |a| ■ e"^'^*''. In view of Lemma [4.61 proved in Appendix 14.21 
we have the following estimates. 

Lemma 2.12. For every multi-index a = {ai,a2), there exists a constant C 
such that 

\D''R{a)\ <C-R{a) ■ [\n{R{a))f''\ 

for < |a| < i. 

Let us continue with the study of the map 

Ti: Bi®L-^ L, Ti{a,u) = fi(- - ^] -u. 



As already done before we assume that oo) = 1 and study, rather than 
Fi, the map T{a, u) = u — Ti{a, u) which has the form 

r(a,M) = f {■-^] -u 



where / = 1 — /i. 

Let us denote by R(a), for a 7^ 0, any product of derivatives of the kind 

R(a)(ai, . . . , a„) = {D"^^ R){a){ai, . . . , a„ J ■ . . . ■ (a) (afc;_i+i, . . . , a„) 

where n = rii + . . . + rii and (oi, . . . , a„) G C". We call the integer n the 
order of R(a). We define R(a) of order to be the constant function equal 
to 1. To prove the sc-smoothness of F, we need a structural statement about 
the form of T^T for a 7^ 0. 

Lemma 2.13. Assume that n : T^L — )■ U is the projection onto a factor 
ofT'^L. Then, for a 7^ 0, the composition n o T'^F : T^L — is a linear 
combination of maps 

A:{Bi\ {0}) © © ^ 

of the form 

(a, h, w) ^ R(a)(/i) ■ f^P^ - f ) ■ ^' (17) 

h = {hi, . . . , hn) G C" and R(a) has order n. Moreover, the following in- 
equalities hold 

p < m — j and n < k. 
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Proof. We prove the lemma by induction with respect to k starting with 
k = 0. In this case, the statement is trivially satisfied since T^T = F so that 
R(a) = 1, n = p = 0, and j = m = 0. We assume that the statement has 
been proved for k and verify that it holds for k + 1. If tt : T^^^L — )■ U is a 
projection onto one of the first 2^ factors we know that terms of 7roT^~'"^r have 
the required form by induction hypothesis. The only thing which is different 
is that the indices m and j are both raised by one (recall the definition of 
the tangent). If vr : T^^^L — U projects onto one of the last 2^ factors, 
the terms of vr o T^+^Y are the linear combinations of derivatives of maps 
guaranteed by the induction hypothesis. Hence we take a map of the form 
(IT7|) and differentiate in the sc-sense. For {a,h,w,6a,6h,6w) G T{{Bi \ 
{0}) © C" © L"^) = {Bi \ {0}) © C" © © C © C" © L"^ we obtain a linear 
combination of maps of the following four types: 

(1) Bi ©C"+i ©L™+i 

2 

(a, {Sa, h), w) ^ R'{a){Sa, h)f^P^ ~ f ) ' ^ 

where all the occurring R'(a) have order n' = n + 1. Here j' = j, 
m' = m + 1, and n' = n + 1 so that p' < m' — j' and n' < k + 1. 

(2) 5i ©C"©L"^+i ^ L^, 

(a, (hi,..., Shi, ...,hn),w)^ A{a, {hi, Shi, ...,hn),w). 

Here j' = j , p' = p, m' = m + 1 and n' = n + 1 so that p' < m! — j' 
and n' < k + 1. 

(3) fii ©C"+i ©L™+i ^ U, 

(a,(5a,/i),w)H>Ri(a)((5a,/i)-/(P+i) (''^ ~ 

where Ri(a)(5a, h) = {DR{a){Sa))'R,{a){h) so that its order is equal to 
n' = n + 1. Moreover, p' = p + 1, m' = m + 1, and j' = j. Again, 
p' < m' — j' and n' < k + 1. 

(4) 5i ©C"©L"^ ^ 

(a, h, Sw) (-)■ A{a, h, Sw). 
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Here j' = j, m' = m, p' = p, and n' = n satisfy p' < m' — j' and 
n' <k + l. 

This completes the proof of the lemma. ■ 

Let us observe that any map A in Lemma [2 .13 1 has a continuous extension 
to points (0, h, w) by defining A{0, h, w) = 0. Indeed, ii m = j so that p = 
we have A{a, w) = T{a, w) as a map Bi © L"^ — )■ L"^ and we already know 
that this is sc°. If, on the other hand, m — j > 0, then we combine the 
estimates in Lemmata I2.1UI and 12.121 and obtain the estimate 

\A{a,h,w)\j <Ce-'^^'^^ ■ R^^ ■\h\^ ■ |wU (18) 

with a constant C depending on m, j, p, and ra, but not on a. Recalling that 

1 

R = e'^ — e, the right-hand side converges to as \a\ — keeping {h,w) 
bounded. 

At this point we have proved the following lemma. 

Lemma 2.14. The map F : {Bi \ {0}) (B L L is sc-smooth. Moreover, its 
iterated tangent map T'T can be extended continuously by over all points 
containing a = 0. 

It remains to show the approximation property at points (a, H) G T^{Bi® 
L) where a = G -Bi. Of course, the candidate is the map. We have to 
show that, given {0,H) e T^{Bi_ © L), 

|T^T(5a,i/ + 5i/)||o ^ as ||((5a,5if)||i ^ 0, 



where |H|o (|M|i) is ths norm on the level (1) of the iterated tangent T^{Bi® 
L) and is equal to the sum of the norms on each of the factors of {T^{Bi ©L))o 



((T'=(i?.©L))i). 

We know from Lemma 12.131 that the maps tt o T^T on the factors of 
T^{Bi © L) are of particular forms. Hence it suffices to consider the maps 
defined in Lemma [2.131 More precisely, given a map 



A : 5 1 © © ^ L\ (a, h, w) ^ (a, h, w) ^ R(a) {h) ■ " f 



■ w 
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and (0, /i, w) G Bi © C" © Lm+i (recall that in order to linearize we have to 
raise the index m by 1), we have to show that 

^ \A{6a,h + 6h,w + 6w)\j ^0 (19) 



\5a\ + \6h\ + |5w|m+i 

as \6a\ + \6h\ + — ^ 0. If 6a = 0, then A{6a, ■, ■) = and so we may 
assume that Sa ^ 0. In view of the estimate (fTSi) in which R = if{\6a\) for 
the exponential gluing profile ip, the left-hand side of ( IT9!) is less or equal to 

^ e-'^^--^^-R^''-\h + 5h\''-\w + 5w\„, 



\6a\ + \6h\ + \6w\m+i 

C\6a\ (,-d^,,R.R^k 

\5a\ + \5h\ + \5w\m+i |5a| 



\h + 5h\^ ■ \w + 5w\ 



which converges to as \5a\ + \5h\ + |5w|m+i — t- 0. This proves the approxi- 
mation property and completes the proof that F, and hence Fi, is sc-smooth. 

Next we consider the map F2. Again we start with the prove of structural 
result about tt o T^T2- Before we do that, we state the estimate which we 
shall subsequently use. It follows immediately from Lemma 14.71 

Lemma 2.15. For all multi-indices a, there exists a constant C > so that 

|D°?9(a)| <C- |lni?(a)|l"l 

z/a 7^ 0. 

Similar to R(a) we introduce for a 7^ the expression ©(a) of products 
of derivatives of the form 

0(a)(/ii, . . . , /i,) = D^H{a){h^, V) ■ . . . ■ D'''^{hk,_,+u h,), 

where k = ki + ... + ki is the order of 6(a). By Lemma [2.15[ 

|0(a)(/ii,...,M| <C-(lni?)^-|/i|'= 

for sufficiently small a 7^ with a constant C > independent of a. 
Here is the necessary structural statement for the map F2. 
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Lemma 2.16. Assume that ir : T^L — )> U is the projection onto a factor 
of T^L. Then, for a ^ 0, the composition vr o T^r2 '■ T^L — U is a linear 
combination of maps 



A : (fii \ {0}) © Cf+°^ © ^ U 



of the form 



{a,h,e,w) H-> R{a){h) ■ 0(a)(e) ■ /(^^ 




where p+\a\ <m — j and \p\ + |a| < k. Moreover, the sum of the orders of 
R(a) and 0(a) does not exceed k. 

Proof. Clearly the statement is true for A; = 0. Assume it has been proved for 
k. Consider the composition tt o T^+^T2 where vr is the projection onto one 
of the first 2^ factors,. Then the result follows from the induction hypothesis 
raising the indices in the domain and the target by 1. If tt is a projection 
onto one of the last 2^ factors, then the composition tt o T^+^T2 is the linear 
combination of derivatives of terms guaranteed by the induction hypothesis. 
More precisely, assume that we consider a map A of the above form. If we 
differentiate A at a point where a 7^ 0, then the linearization is a linear com- 
bination of the following types of maps: 



where R'(a) is a linear combination of terms of the form R(a) of order n + ai. 

(2) This map is obtained by only differentiating R(a)(/i) with respect to 
h. This gives the map Bi © C"+"i © C"^ © L'"+^ -> 

(a, {hi,..., 6hi, . . . ,hn),e,w) ^ A{a, {hi, 6hi, . . . ,hn),e,w). 



(1) {Bi \ {0}) © C"+"i+i © © ^ U, 



{a, {5a, h), e, w) ^ R'{a){Sa, h) ■ 0(a)(e) ■ f^"^ 




(3) (5i \{0})©C"+"i 



©C°2+i ©L™+i ^ U, 



{a, h, {6a, e), w) ^ R{a){h) ■ @'{a){6a, e) ■ f^"^ 




70 



where 0'(a) is a linear combination of terms of the form 0(a) each of order 
«! so that ©'(a) is of order 02 = 0:2 + 1- 

(4) fii ©C"+"i ©C°2 ©L™+i -» 

2 

(a, /i, (ei, . . . , 5E^, . . . , e„J, w) ^-^ y4(a, /i, (ei, . . . , ^E'^, . . . , e„J, w). 

(5) (5i \ {0}) © Ci+"+°i © © L'^+i ^ 

(a, (5a,/i),e,u') ^ Yii{a){5a,h) ■@{a){e) ■ f^^^^ - ^ {D''w){- - R, ■ 
where Ri(a)(5a, h) = {DR{a)6a))Iii{a){h). 

(6) If we differentiate with respect to w we have to replace w by 6w but 
with 6w e L^. The gives the map Bi © C"+°i © C"^ © ^ L^', 

(a, /i, e, 6w) I— )■ y4(a, /i, e, 6w). 

(7) Lastly, the map obtain by differentiating [D°'w){s — R,t — with 
respect to a. This leads to the map which is a linear combination of the two 
following maps 

{Bi \ {0}) © C"+"i+^ © © ^ 

(a, (5a, /i), e, u;) ^ Ri(a)(5a, h) ■ 0(a)(e) ■ f^P+^^ - (D"'u;)(- ^9) 

where Ri(a)((5a, /i) = {DR{a)6a))Iii{a){h) and a' = a + (1, 0), and 
{Bi \ {0}) © C^+^i © C°2+^ © -> 

(a, ((5a, h), e, w) ^ Ri(a)(5a, h) ■ ei(a)(e) ■ /(''+^) - (D""tf;)(- - i?, ■ - ?9) 

where 0i(a)(5a, h) = {De{a)6a))&{a){e) and a" = a + (0, 1). 

Hence this derivative is a finite linear combination of terms of the required 
form. Using the previous result and the previously derived exponential decay 
estimates, we see that every T^r2 can be extended in a sc^-continuous way 
by over points containing a = 0. Arguing as before (just after Lemma 
I2.14P we can also verify the approximation property. Hence the map r2 is 
sc-smooth. This completes the proof of Proposition 12.81 ■ 
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2.4 Gluing, Anti-Gluing and Splicings, Proof of Theo- 
rem [I3H] 

In this section we present the proof of Theorem ll.28[ In order to do this 
we recall the formula for the projection map iia : E E. If a = 0, this 
projection is the identity since Qa is the zero map. So, we assume that 
< |a| < I and set 

The pair {r]~^,T]~) is found by solving the following system of equations 

©a = ©a(e'",r) 

Sa {V^,r]~) =0. 

Recalling that /3a(s) = (3r{s) = (5{s — ^) and setting 7^ = + (1 — /3a)^, we 
have derived in Section 11.31 the formula 



la J 2 

la la 

where 

i^^u = I^X[§,t^ dt and [r]_« = ^^r(-f,t) 

A similar formula holds for 77". In order to study the sc-smoothness we 
consider the map 

the sc-smoothness of the map (a, ^^,^~) ^ f]~ is verified the same way. If 
we write = c + r^, where c is the common asymptotic constant, then the 
formula for ry"*" takes the form 

2 V la J .20) 
6^ 6 (1-0) ^ ^ 

la la 

We shall study the following five mappings: 
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Ml. The map 

which associates with C,~^ its asymptotic constant c. 
M2. The map 

Bi X H'^'^'{R+ X S\R^) R^, (a,r+) ^ [r+]^. 

M3. The map 

5ixij3A(K+x5i,MJV) ^^3,<5o(^+x5\M^), (a,r+) ^(.)[r+]^. 



7a 



M4. The map Bi © H'^'^<'(R+ x ^i,M^) ^ Z/^a^^h- x S 

(a,r+) ^ ^■r+. 
7o 

M5. The map 5i © H^'^°{R- x S\R^) ^ H^'^''{R+ x S 



\R% 



1 TOiV^ 



(a, r-) ^ ML^^-(. 

7a 

In view of the formula for the projection map tt^ the sc-smoothness of the 
map (a, (^+,^~)) i-^ 7ra{r]~^ ,r]~) in Theorem 11.281 is a consequence of the 
following proposition. 

Proposition 2.17. The maps M1-M5 listed above (and suitably defined at 
the parameter value a = 0) are sc-smooth in a neighborhood of a = 0. 

The proof of the proposition follows from a sequence of lemmata. 

Lemma 2.18. The map H^'^°{R+ x 5'\M^) R^ , ^ c, which asso- 
ciates with its asymptotic constant c is sc-smooth. 

Proof. The map ^"^ H- c is an sc-projection and therefore sc-smooth. ■ 

Lemma 2.19. The map $ : 5i © H^'^"{R+ x S\R^) R^ , defined by 
$(0, h) = for a = and 

^{a,h) = [h]R = j^h(^,t^ dt 

for a ^ 0, is sc-smooth. 
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Proof. We abbreviate in the proof F = ij3,<5o(]g+ x S'\M^). Using the 
Sobolev embedding theorem for bounded domains into continuously differ- 
entiable functions we see that the map 

{0,oo) X C\S\R^), {R,h)^h 

is of class (7"*+^ for every m > 0. In view of Corollary 12.51 this implies that 
the map 

$ : (0, cx)) X F ^ M^, {R,h)^[h]R 

is sc-smooth. Since the map a R{a) := v^(|a|) is obviously smooth if a 7^ 0, 
we conclude, using the chain rule for sc-smooth maps, that the map 

$ : (5i \ {0}) © F ^ M^, {a,h)^[h]n 

is sc-smooth and we claim that the map $ is sc° at every point (0, h) G Bi(BF. 
Indeed, assume that (a^, hk) G {Bi \ {0}) © Fm is a sequence converging to 
(0,/i). Abbreviating = (f^ - 1, + 1) x 5^ where Rk = ^i\ak\), we 
show that |$(afc, hk)\ = \ [hk]B.J — >• 0. By the Sobolev embedding theorem on 
bounded domains and using the bound \hk\m < C', we estimate 

le"^'"- ■ /ifc|co(s,) < Cle^""- ■ hkln^+^i:,) < C". 

This implies 

\[hkW\ < C" ■ e-'-''''/' (21) 

and the claim follows. 

At this point we know that the map 

$ : 5i ©F ^ 

2 

is sc° and, when restricted to {Bi \ {0}) © F it is sc°°. We shall denote 
points in T^{Bi © F) by {a, H) where a E Bi. We shall prove inductively 
the following statements: 

(Sk). The map $ : 5i ©F ^ is of class sc*^ and T'=<l>(0, if) = for every 
(0, H) G T^{Bi © F). Moreover, if vr : T'=(M^) is the projection onto 

a factor of T'^'M^, then the composition tt o T^^ is a linear combination of 
maps r of the of the following types, 

r : fii © C" © F„, ^ M^, (a, 6, v) ^ R(a)(6i, . . . , 6„) ■ 
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for a 7^ and r(0, b, v) = 0. Here j < m,n < k, and R(a) is the product of 

1 

derivatives of the function R{a) = e'^ — e of the form 

R(a)(6i, . . . , 6„) = D"^i?(a)(6i, . . . , 6„ J ■ . . . ■ D^' R{a){bn,+...+n,_,+u • • • , fen), 

where the integer n = ni + . . . + rii is called the order of R(a). We set 
R(a) = 1 if n = 0. 

We begin by verifying that (Sq) holds. In this case, the projection tt : 
TV = ^ is the identity map, the indices j, fc, m and n are equal 
to 0, and the composition tt o is just the map $ : Bi © F — )■ given 
by 

{a,v) [v]r. 

The map has the required form with R(a) = 1 of order 0. With $(0, v) = 0, 
we already know that $ is sc". So, the assertion (So) holds. 

Assuming that (Sk) holds, we show that (Sk+i) also holds. By induction 
hypothesis, the map $ is sc'^, so that T^^ is sc°. Moreover, T^^{0,H) = 0, 
Tk+i^ is sc-smooth at points (a, H) with a ^ 0, and vr o can be written 
linear combination of maps of a certain form. 

Setting DT^^{0, H) = 0, we prove the approximation property of T*^$ 
at the points {0,H) G (T'=(fii © F)^ That is, recalling that T''^{0,H) = 0, 
we show that 

\T''<!>{Sa,H + SH)\o^O as \\{6a,6H)\\i 0. (22) 



\\{6a,6H)l 



where the subscripts and 1 refer to the levels of the iterated tangents. By 
the inductive assumption (Sk), we know that the compositions vro T'^* with 
projections vr on different factors of T'^'R^ are linear combinations of maps 
A described in (Sk). Hence to prove fl22l) amounts to showing that at the 
point (0, h, v) e Bi® O © we have 

-\A{5a,b + 5b,v + 5v)\ ^0 (23) 



|<5a| + \5h\ + \5v\ 

m+i 

as \6a\ + \6b\ + |m,+i — for the maps 

A : 5i © C" © F"^ ^ M^, (a, b, v) ^ R(a)(fei, ...,&„)■ [dlvU 
defined in (Sk). 
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Using as above the Sobolev estimate on the bounded domain S/j 
(f - 1, f + 1) X S'\ we obtain 

where j < m, and estimate 

[diiv + 6v)]r < Ce-^"^+'^\v + 6v\m+i. 
Therefore, in view of the estimate of R{a) in Lemma [2.12[ 

\A{Sa,b + 6b,v + 6v)\ < Ce-^"^+'^\R\^'' ■ \b + dbl"" ■ \v + 5v\, 
where R = ip{\6a\) and 5a 7^ 0. Consequently, 
\A{Sa,b + Sb,v + Sv)\ 



g — Om + l -2 


\R\ 


3n 


\5a\ 





I m+1 



lA l-ulA/,I^IA I r-^-\b + 5b\--\v + 5vU+r. (24) 

\oa\ + \oh\ + |df \oa\ 

\i R = Lp{\5a\) is large (or \5a\ is small), then 2R > 21ni? > so that 
the left hand-side of (!24l) is smaller than 

which converges to as ((5a, 5b, 6v) — > (0, 0, 0) in C © C" © Summing 
up our discussion so far, we have proved the approximation property for the 
map T'^$ and 

D{T''^){0,H) = 

for all {0,H) G (T'=(5i ©F)) . To complete the proof, it remains to show 

that T'''^^^ is of class sc'' (which will imply that $ is of class sc'^) and to 
show that the compositions vr o T*^"*"^$ have the required form. 

We consider vr o T'^+^$(a, H) where a 7^ 0. If tt is the projection onto one 
of the first 2'^ factors, then vr o T^"'"^^ has the form of the map A in (Sk). 
The only thing is that the indices are raised by 1. Denoting the new indices 
by j', m', and n', we have j' = j, m' = m + 1, and n' = n which obviously 
satisfy j' < m' < k + 1, and n' < k + 1. If vr is the projection onto one of the 
remaining 2*"' factors, then 7roT''"+^$ is equal to the sum of derivatives of maps 
in the induction hypothesis (Sk). So, if the map A : Ei © C" © M^, 
given by 

{a,b,v) R(a)(6i, ...,bj)- [dlv]R 

for a 7^ and A{0, b, v) = 0, is one of the maps from (Sk) and if we take the 
sc-derivative of A (which we already know exists at every point), we obtain 
a linear combination of maps of the following types: 
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(1) 5i © C" © ^ defined by 

(a, 61, . . . ...,bn,b)^ R(a)(&i, . . . , 5bi . . . ,bj) ■ [dlv]ji 

for every 1 < z < ra. 

(2) 5i © C"+i © ^ defined by 

(a, ((5a, 6), v) ^ R'{a){Sa, b) ■ [div]R 
and obtained by differentiation of R(a) with respect to a. 

(3) 5i © C" © ^ defined by 

{a,b,6v) R{a){b) ■ [di6v]R 
and obtained by differentiating with respect to v. 

(4) Bi © C"+i © F^+i defined by 

(a, {6a,b),v) ^ Ri (a)((5a, 6) ■ [S^^i^J^ 

which is obtained by differentiating R{a) in the term [5f u ]ij with respect 
to a. Hence Ri(a)(5a, 6) = {DR{a)6a) ■ R(a)(6). 

Note that in all of the above cases the new indices j', m' and n' stay the same 
or are raised by 1 so that we have j' < m' < k + 1 and n' < k + 1. We have 
verified that the statement (Sk+i) holds true. This completes the proof of 
Lemma ICTl ■ 

Lemma 2.20. Themap^ : Bi®{H^^^°{R+xS^ ,M.^)xH'^^^^{R~ xS^ 
X 5\R^), defined by $(0,r+,r-) = at a = and 

for a ^ 0, is sc-smooth. 

Proof We shall abbreviate G = H^'^''{R+ x S\R^) x H'^'^°{R~ x S\R^) 
and F = H^'^"(R+ x S'\M^). We already know that the maps 

5i © G ^ M^, (a, r+, r") ^ [r+]n, [r-].R 
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are sc-smooth. It suffices to consider only the map 

2 la 

if a 7^ and \I/(0,r) = at a = 0. The similar map for (a, r~) can be dealt 
with the same way. Clearly the map $ is sc-smooth on the set {B\ \ {0}) ©F 
and we shall prove the sc-smoothness at the points (0,r) G B\ © F. We set 
0" := ^ and Oa = = o{- — ^) where R = '^{\a\) for the exponential gluing 
profile ip. We shall prove the following statements (Sk) by induction: 

(Sk). The map $ is of class sc'^ and T'=$(0, H) = 0. Moreover, if tt : T^(fii © 
F) — 7- is a projection onto a factor of T'^F, then the composition noT^^ 
is the linear combination of maps of the following type, 

A : Bi ©C"©F" F^ 

2 

{a,h,v)^R{a){h)-alP^-[dlv]R 

for a 7^ and ^4(0, h, v) = 0. In addition, the indices satisfy p + g = n, m < k 
and I < m — j. 

We start with (So). In this case there is only one projection n : T^F = 
F F, namely, ir = id. Clearly tt o $ = $ has the required form with 
R(a) = 1 of order and all indices j,l,p, and q equal to 0. Hence we only 
need to show that the map $ has sc°-property. This is clearly true at points 
(a, v) E Bi (B F^ where a 7^ 0. We carry out the proof of the sc°-property 
for the map $ at (0,t;). We take a sequence (a^yVk) converging to (0,w) 
in Bi © Ffn and we claim that $(0^,^^) — ?■ in F^- Since vanishes on 

+ 1, 00), we can estimate 

Mak,Vk)\m. = Wr, ■ [vkUJl = J2 IN«J' / |/^V^,(s)|2e2^'"^ dsdt 

\a\<rn 

with constants Ca depending only on a, the multi-index a, and m. So, 
to prove them claim we have to show that [vk]Rf. — > in M^. Abbreviate 
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Sfc = — 1, + 1] X 5^. By the Sobolev embedding theorem on bounded 
domains, 

with the constant C independent of v and k. This shows that 

IHi?J <£fc-e"'-'''=. (25) 

Also note that since v belongs to Em, the sequence converges to 0. Simi- 
larly, we have 

le^-^'ivk - tOlcO(Sfe) < Cle^-^'ivk - tOli^-Cs,) < C\vk - v\m =: 4 
which implies that 

\\vkW - HrJ = IK - ^']i?J < 4 ■ e"'™^''. 
By assumption, |t; — 1;^!^ = — 0. Consequently, 



which proves our claim. At this point we have proved the assertion (So). 

Now we assume that (Sk) has been established and prove that (Sk+i) 
holds. By induction hypothesis, the map $ is of class sc^, so that T'^$ is sc°, 
ajid T^^{Q,H) = 0. Moreover, 7roT*''$ can be written linear combination 
of maps of a certain form. We also know that T^~^^^ is sc-smooth at points 
(a, H) with a 7^ 0. 

We begin by verifying the approximation property at points {0,H). As 
before it suffices to do this for the maps A described in (Sk) as follows. 



2 



ia,h,v)^Ria){h)-alP^-[d^^v]n 

for a 7^ and A{0,h,v) = 0. More precisely, we show that if {0,h,v) G 
Si © C" © E"^+\ then 

2 

^ \A{6a,h + 6h,v + 6v)\j ^ 



\5a\ + \5h\ + \6v 



rn+l 



as 1 5a I + \Sh\ + |5f —7- which will prove that A has the approximation 
property at (0, h,v) with respect to the linearized map DA{0, h,v) = 0. 
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Proceeding as in the proof of Lemma 12.191 one obtains the estimate 



\da\ + \dh\ + \dv\m+i \da\ 

which converges to as \Sa\ + \6h\ + \6v\m+i converges to 0. 

Finally, we need to show that vr o T'^"''^$ is a linear combination of the 
maps of the required form and which have the required continuity properties 
at points with vanishing a. The terms making up vr o T'^"''^$ are the terms 
guaranteed by (Sk) provided tt is the projection onto one of the first 2'^ fac- 
tors. In this case the indices m and j are raised by one. If vr is the projection 
onto one of the last 2^ factors, then vr o T^^^^ is a linear combination of 
derivatives of maps guaranteed by (Sk). This leads to a case by case study 
quite similarly to that of the previous lemma and is left to the reader. 



Lemma 2.21. The map ^ : Bi®H''^^^°{R+ x S\R^) ^ H^'^'' {m+ x S\ 
defined by $(0,r) = r if a = 0, and by 



$(a, r) = — ■ r 

7a 



if a ^ 0, is sc-smooth. 



Proof. We only have to prove the sc-smoothness at points (0, r) G Bi © 
f/'3,<5o^]^+ X S^). Hence we may assume that a is small. We choose a smooth 
function Xi '■ ~^ [0, 1] satisfying Xii^) = 1 for s G [0, 1] and Xii^) = for 
s > 2, and set X2 = 1 — Xi- Then the map 

(a, r) h-^ — ■ Xi ■ r 

la 

is obviously sc-smooth since for \a\ small it is equal to the map 

(a,r) ^ Xi-r 

which is independent of a. It remains to deal with the map 

(a, r) f-> — ■ X2 ■ r. 

la 
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This map can be factored as follows. First, we apply the map 

Bi © H^'^'' (M+ X 5\ M^) ^ 5 1 © H'^'^'^ {RxS\R^), (a, r ) ^ (a, X2r) 

which obviously is an sc-operator and hence sc-smooth. Then we compose 
this map with the map 

' 7a 

which is sc-smooth by Proposition 12.81 Finally, we take the restriction map 

X S\R^) H^'^"{R+ X S\R^). 

which as an sc-operator is also sc-smooth. Since the composition of sc-smooth 
maps is an sc-smooth map, the proof is complete. ■ 

Lemma 2.22. The map ^ : {Bi®H^^^°{R- x ,R^) ^ H^'^"{R+ x ,R^), 
defined by $(0,r) =0 if a = 0, and by 

7a 

if a ^ 0, is sc-smooth. 

Proof. Again we only have to study the map for a small. We choose a 
smooth map x '■ ~^ [0, 1] satisfying x(s) = 1 for s < — 1 and x{^) = 
for s G [— |, 0]. If |a| is small, the map $ is the composition of the following 
three maps. The first map is defined by 

El ©i/3A(^- X S\R^) Bi®H^'^''{R X S\R^), {a,u) ^ {a,x-u). 
It is an sc-operator and hence sc-smooth. The second map is defined by 

Bi © H'"^'^'' {Rx S\ R^) H^'^" {Rx S\ R^) 

{a,u)^^^^—^-ui--R,--^). 

7a 

By Proposition 12.81 this map is sc-smooth. The last map is the restriction 
map H^'^°{R x S^,R^) H^'^"{R+ x S^,R^) which is an sc-operator. This 
completes the proof of Lemma I2.22[ ■ 

In view of the above lemmata l2.18H2.22l the proof of Proposition 12.171 is 
finished. Hence the proof of Theorem 11.281 is complete. 
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2.5 Estimates for the Total Gluing Map 

In section [T73| we have introduced the space E consisting of pairs [rj^ , ri~) of 
maps : x 5^ — ?■ the Sobolev class (3, 5q) having common asymptotic 
hmits. Taking a strictly increasing sequence (5m)meNo starting with 5q > 0, 
we equip the Hilbert space E with the sc-structure (-E'm)meNo where E^ 
consists of those pairs {rj^,rj~) in E of Sobolev class (3 + m,5m)- We shall 
later impose boundary conditions, but this is not important for the moment. 

If {'r]~^,r]~) is a pair in E, then i]^ = c + where c is the common 
asymptotic limit and G H^^^°{R^ x S'\]R^). The Em -norm of the pair 
is defined as 

\{V~^yV )\'e„i ~ 1*^1^ + + ~^ k \'H:i + m,S,n- 

For every gluing parameter a G -B i , we introduce the space as follows. 
If a = 0, we set 

G^ = E®{0}, 

and if a 7^ 0, we define 

The sc-structure of is given by the sequence ©if^+"'''''"(Ca) for 

all m G Nq. 

The total gluing map = (©a, ©„) : E G"" is an sc-linear isomorphism 
for every a G -Bi in view of Theorem 11.271 

For a pair (/c, 5) in which /c is a non-negative integer and 5 and a map 
q : Za ^ IR^ defined on the finite cylinder Z^, we introduce the norm \q\k,5 
by 

where q{s,t) := q{[s,t]). 

We recall that the average of the map g : — )■ M^, denoted by [q]a or 
is defined as the integral over the middle loop, 
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If p : Ca IR is a map with vanishing asymptotic constants we set, 
with p{s,t) := pi[s,t]), 

lprm,s= E / \iDy){s,t)\'e''-^^-fUsdt 

\a\<m 

Observe that the center loop is located at s = which explains the 
occurrence of the -j in the exponential weight. 

Now we define a norm for the pairs {q,p) G as follows. With a map 
p G H^'^°{Ca) which has the antipodal constants poo = limg^oo p{s,t) and 
p^oo = — Poo, we associate the map p : Ca — )■ defined by 

pi[s,t])=pi[s,t])- (1-2- (3a{s))p^. 

Then \ims^±ooP{s,t) = and p belongs to H^'^°{Ca,^^)- Now we introduce 
a norm on the level m of = H^{Za) © H^'^'>{Ca) by 

To get a better understanding of the norm \{q,p)\G^ we take the unique 
pair {r]~^,ri~) G -E satisfying q = (Ba{v~^,V~) P = Qa{v~^,'n~) by using 
Theorem 11.271 We write 77^ = c + where c is the common asymptotic 
limit and r± G if^.^o^^i x ^\M^). Then 

P = ©a(r/+, r/") = ©a(r+, r") + (1 - 2/3a)aVa(r+, r"). 

The mean value [q]a of q is equal to c+aVa(r"'", r~) and the positive asymptotic 
constant Poo of p is equal to Poo = aVa(r"'", r~). Hence [q]a — Poo = c and 
Q - b]a + Poo = ffia(r+,r"), and ^3' = p - (1 - 2/3^) ■ poo = Ga{r^,r~). 
Consequently, the G^-norm of {q,p) becomes, 

I(?,P)Ig^ = Ma-Poc\^ + e'-^ ■ - [q]a+Poo\\l+^,-S^ + \\pII+3,sJ 

= \c\' + e'-^ {mr^,n\\lm,-s^ + ||e.(r+,r-)||^^3,,J . 

Theorem 2.23. For every level m there exists a constant Cm > indepen- 
dent of \a\ < I so that the total gluing map E\a : E ^ G"" , defined by 

{r]+,r]-) t-^ □„(?7+,?7-) := (©a(?7^, ??"), ea(?7", ??")), 
is an sc-isomorphism and satisfies the estimate 
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Proof. We take a pair {ri^,'r]~) belonging to the space E and represent it by 
= c + where c is the common asymptotic hmit and G H^'^° (M='= x 
5'"'^,M^). Then we introduce {q,p) by {q,p) = {®a{v^ ,V~)^Qa{v^ 
compute the G^-norm, 

= + e'-"" {l®a{r\r-)ll^^^_s^ + ||e.(r+, r-)||^+3,,J . 

In view of Lemma [2.281 below applied to r+ = n, r~ = w and (Bair'^, = U 
and Qa{r~^,r~) = V, there exists a constant C depending only on m and 6m 
so that 

^ ■ [||©a(r+,r-)||2^^__,^ + ||ea(r+,r-)||^+3^,,J 



< p-<5mi?r|„+|2 I I -|2 



and 



p-<5m-Rr|^+|2 I I -|2 1 

LI' l/fS+m.^m ~r I' |j|/3+m,(5mJ 



We have denoted by | ' \ ^3'\~m,STfi our standard weighted Sobolev norms. Conse- 
quently, our desired estimate follows since the E'm-norm of the pair {r]~^,ri~) 
is defined by 



2 _ U|2 I |^+|2 I U-|2 



\iv^,V~)\E^ = \cr + \r-^\W^.^rn + \r 
The proof of the proposition is complete. 



We introduce the sc-Hilbert space E consisting of pairs {h^, h ) where 
= + with G H^'^"{R^ x S'\M^). We do not require that the 

asymptotic constants are equal. In addition, we also impose the following 

boundary conditions, 

/i±(0, 0) = (0, 0) and h^{0, t) E {0} x M. 
Abbreviating the maps 
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we note that 



so that the maps have the same asymptotic hmits equal to \{h'^ + h^). 
Consequently, the pair (/;,+, h~) belongs to the previously defined sc-Hilbert 
space E. 

The E'm-norm of the pair (/i"^, h~) is defined by 



\{h\h-)\ 



\hto?+\h-J'+\r^'' 



(26) 



Considering IR^Qi?^ with the product norm, the norm of {h^—h^, (/i"*", h )) 
is equal to 



\hto-h-J 



+ \{h\h~)\: 



|2 



(27) 



It follows from ( l26l) and ( !27l) that there exists a universal constant C so that 
i ■ !(/.+, h')\l^ < !(/.+ - , {h\h-))\l.^^^ < C ■ \{h\ h-)\l^. (28) 

Now as a consequence of Theorem 12.231 we obtain the following corollary. 

Corollary 2.24. For every level m there exists a constant Cm > indepen- 
dent of the gluing parameter \a\ < |, so that for (/i+, h~) E Em, the following 
estimate holds, 



< 



Baih+,h~)\l. <Cm-\ih+,h 



I'- 



where Ba{h+, h~) = {®aih+, /i"), ea{h+, /i")). 

Proof. Using fl2B|) . (^7^, f l2S]) . and Theorem 12. 23^ one obtains for a generic 
constant depending on m and not on \a\ < i. 





\hto 


- hoc 








\hto 








< r ■ 


\hto 




' + \{h\h-)\l^' 





<Cm-\{h+,h-)\ 



as claimed. 
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Remark 2.25. Later on we deal with the case N = 2 where the pair 
h~) G E satisfies the boundary condition /i^(0, 0) = (0, 0) and h'^i^O, t) e 
{0} X M. Then the map q = ©a(/i+, /i") : will satisfy the following 

boundary conditions, 

?([0, 0]) = - h^), g([0, 0]') = liht^- h^) 

and, in addition, 

mt]) e - /i- ) + ({0} X R) g([O,t]0 G - h'J + ({0} X R). 

Later on we will need the following variant variant of Theorem 12.231 with 
respect to the hat gluing and hat anti-gluing. 

We denote by F the sc-Hilbert space F = H^'^° (M+ x ,R^)®H^'^''{R- x 
5'"'^,R^) whose sc-structure is given by the sequence F^ = ij2+m,(5,„ ^■[^+ ^ 
S\R^) © /72+m,5™(^- X S\R^). The F^-norm of the pair e F is 

given by 

We introduce the space Ga as follows. If a = 0, set we = F © {0} and 
if < \a\ < |, then we define 

G„ = © P'^ = H\Za,R^) © H^^^°{Ca,R^). 

The sc-structure of is given by the sequence ©iJ^+'"''^'"(Ca) 
for all m G Nq. The total gluing map E\a = (©a, ©a) : F — )■ is an sc-linear 
isomorphism for every a G Bi in view of Theorem IL29[ 

As in the case of the total gluing □ it is useful to introduce families of 
norms. We introduce the G^-norm of the pair (g, p) G Ga by setting 

\{q,p)\l. := e^-^ ■ + lbll^+2..J 

where these norms are defined above. Recall that if = □a(^''',^~) = 

{®a{^~^,^~),Qa{^^,^~)), then and (^^,^~) are related as follows. 



q{s,t) 




Pa 1 - Pa 




^Hs,t) 


p{s,t) 




-(1 - Pa) Pa 




^-{s-R,t-^) 



where, as usual. Pa = Pais). Then, in view of the definition of the norm on 
G^, one derives from the estimates of Lemma [2.281 the following theorem. 
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Theorem 2.26. Given the level m there exists a constant Cm not depending 
on a G Bi so that the following estimate holds, 

■ ir,r)iF„ < ia(e+,r)b.„ < ■ ir,r)iF,.. 

Remark 2.27. The study of pahs (77"^, 77") in F on level m whh respect to the 
norm \-\f^ is for every a G Bi completely equivalent (up to a multiplicative 

constant independent of a) to the study of the associated pairs {q,p) G 
on the level m with respect to the norm I ■ |/=;a • 

The two theorems can be deduced from the following lemma. 

Lemma 2.28. There exists a constant C depending on m and 5 > so 
that for maps (f/, V) G M^) © H'^'^iCa, M^) and (m, v) G H"''^{R+ x 

S\R^)®H"''^{R~ X S\R^) satisfying 



U{s,t)' 




f3a 1 - f3a 




u{s, t) 




®a{U,V) 


V{s,t)_ 




-(l-/3a) /3a 




v{s-R,t-'d) 







(29) 



the following estimate holds true, 

^ mi^s + mis] < e-^^ [HUs + \v\Us] < c mi^s + mu . 

(30) 

Proof. In view of (12^ and recalling [3a{s) = for s > ^ + 1 and 1 — Pa{s) = 
for s < "I — 1, it follows that |f^|m -5 + l^lm 5 bounded above by a constant 
C times the sum of integrals of the following type: 

• h= J |D°M(s,t)pe-2'^l^-fl, 

[0,f + l]xS'i 

• l2= J |D"t;(s-i?,t-79)|2e-2^1^-#l, 

[f-l,i?]x5i 

. /3= / |D"u(s,t)|2e-2'5|^-fl, 

[f-l,oo)x5i 

• h= J |D°t;(s-i?,t-7?)|2e-2^'^-fl, 

(-oo,-| + l]x5i 
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where the multi-indices a satisfy |a| < m. The constant C depends on m 
and the function /3. We estimate each of the above integrals. To estimate 
the integrals l\ and /s we use the fact that —2b\s — -f | — 2(5s < —bR for all 
s e M. Then 



[0,f+l]xSi [0,f + l]x5i 



[0,f +l]xSi 

and 



[|-I,oo)x5i [-f-l,oo)xSi 
[f-l,oo)x5i 

To estimate the integrals I2 and /4 we use — 25|s + ^| + 25s < —5R for 
all s. Then abbreviating = — 1, i?] x S*^ we obtain for for the integral 

\2-25\s+§\ 



1^ = J\D''v{s- R,t-^)\^e-^^\'-^\ = J \D''v{s,t)\ 



L,|2 



and abbreviating S/j = (—00, ^ + 1] x 5*^, the integral I4 can be estimated 
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as 



\D''v{s,t)\'e 



2-25\s+^\ 



< e 



SR 



2 



Summing up the estimates for the integrals Ji, . . . , /4 for all multi-indices a 
satisfying |a| < m, we get 



-SR 



U 



I I |2 ] 



as desired. 

In order to estimate + we multiplying both sides of (12^]) by 

the the inverse of the matrix and obtain 



(31) 



where 7^ = 7a (s) is the the determinant of the matrix. Hence 



u{s, t) 


1 


/3a -(1 - /3a)" 




'U{s, 


t) 


v{s-R,t-'&) 


7a 


.1 - /3a /3a . 




V{s 


t)_ 



Y(s' + R) 



la{s' + R) 



Using the above relations and Pais' + i?) = for s > — + 1 and 1 — Pais' + 
i?) = for s < — -| — 1, it follows that + \v\'^^s bounded above by 

a constant C (depending only on m and the function /3) times the sum of 
integrals of the following type: 



Ji 



J2 



J |D"f/(s,^)|V'5^ 
/ |D°y(s,^)|V^^ 



[0,f +I]x5i 



[f-l,oo)xSi 



J3= / \D''Uis + R,t + ^)\^e 



2„-25s 



-1,0] xSi 
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• J4= / |D°K(s + i^,^ + ^9)pe-2^^ 

(-00 -f +I]x5i 

where the multi-indices a satisfy |a| < m. 
The integral J\ is estimated as follows, 



Ji= y iz)"f/(s,t)iv*^ 

[0,f +I]x5i 
[0,-f + I]x5i 



[0,f +I]x5i 

using 2(5|s - f | + 25s < 5(4 + R) for all s < f + 1. 
For the integral J2 we obtain 



y i/^"n^,t)iv 



J-l,oo)x5i 



< e 



f-l,oo)x5i 
<5_R 



[f-l,oo)xSi 

using -25|s - f I + 2(5s < for all s G M. 
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For the integral J3 we find 

J3= j |I)°f/(s + i?,t4 

[--f-l,0]x5i 
[f-l,i?]x5i 



[f-l,JJ]x5i 

using 26\s - f | - 25(s - /2) < 5(4 + i?) for all s > f - 1. 
The last integral can be estimated as follows 

J4= j |D"1/(s + i?,t + ^?)pe" 



\2^-25s 
(-00,-f +I]x5i 

(-oo,f + l]xSi 



(~oo,f +I]x5i 



,<5' 

(-oo,|+l]x5i 

in view of -26\s - f | - 25(s - R) < 6R for all s G M. 

Summing up the estimates for the integrals Ji, . . . , J4 for all the multi- 
indices a satisfying |a| < m, we obtain 

Hl^.s + \v\l^,s < Ce'^ ■ [ml,^s + IIV^II^J , 
as claimed. The proof of Lemma [2.281 is complete. ■ 
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3 Long Cylinders and Gluing 



In chapter |3] we are going to construct an M-polyfold structure on the set X 
of diffeomorphisms between conformal cyhnders which break apart. Using 
the technical results of chapter [2] we shall first prove Proposition 13.241 and 
Theorem 11.431 Then we shall illustrate the Fredholm theory outlined in 
chapter [1] by constructing a strong bundle over the M-polyfold X proving 
Theorem 11.441 We shall show that this strong bundle admits the Cauchy- 
Riemann operator as an sc- Fredholm section. Finally, the sc-implicit function 
theorem for polyfold Fredholm sections provides the proofs of the Theorems 
OSlandOm 

We start with the introduction of another retraction used later on. 



3.1 Another Retraction 

We choose a strictly increasing sequence (5m)meNo satisfying < 5,^ < 27r. 
Recall that the Banach space E consists of pairs (/i"'', h~) of maps 

for which there exist asymptotic constants G so that h — c G 
H^'^°{Mj^ X 5'"'^,M^). The sc-structure (Em) is defined by the sequence 



Given a pair (/i"*", h ) E E, we denote the asymptotic constants of by 
and write 

so that r± G if3,5o(^± x S\R^). 

We point out that in contrast to Section 11.31 we do not require that the 
asymptotic constants h'^ and coincide. 

We define for a G C satisfying < |a| < | the mapping 

Pa-E^E 

by 

Pa{h+, h~) = , h^) + 7ra(r+, r"), 

where tTq is the projection defined by the formulae in Section 11.31 Since the 
projection ttq is equal to the identity map, also poi^h'^ , h~) = (/i"*", h~) for any 
pair {h'^,h~) G E. From i^a ° T^a = T^a we derive the following lemma. 
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Lemma 3.1. The map Pa : E E is a projection. 
Proof. Given a {h~^,h~) G E, we have to show that 

Pa O Pa{h^, h~) = PaQl^, h~). 

We write = + and set 7ra(r+,r~) = {ri^,ri^). Then 

Pa{h+, h-) = {hi, /i- ) + 7r,(r+, r-) = , /i" ) + (r/+, r/"). (32) 
From the formula for the projection Ha in Section II. 3[ we know that 

(r/+,r/-) = (c,c) + (e+,r) 

where c is the common asymptotic constant of the maps t]~^ and ri~ which is 
equal to av/j(r"'", r~). Thus, continuing with (1521) . 

p,(/i+, /i") = + c, /i^ + c) + D- 

Applying pa to both sides, we obtain 

Pa o Pa(/i+, h~) = + c, /i- + c) + 7r,(e+, T)- (33) 

Using 7r„ o = vr^ and 7r<j(r+,r~) = (77+, 77"), we obtain 7ra(r+,r-) = 
T^aijI^^V") = (c, c) +vra(^+,^~). Therefore, the right-hand side of ( 15^ is 
equal to 

+ c, /i- + c) + 7r,(e+, r) = (^i, ^^o) + 7ra(r+, r") = p,(/i+, /i"). 
This finishes the proof of the lemma. ■ 

From the already established sc-smoothness properties of vr^ in Section 
11.31 we deduce the sc-smoothness of the projection p^. 

Theorem 3.2. The map 

Bi®E^E, {a, {h+ , h~)) ^ pa{h^ , h-) 

is sc-smooth. 
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Proof. If = + r^, then the map 

(a,(/i+,/i-))^(a, (r+,r-)) 

as well as the map 

(a,(/i+,/i-)) ^ (/i+,/i;o) 

are sc-smooth. By composing the first map with the sc-smooth map vr : 
Bi Q) E E, (a, (/i"*", h~)) i— >■ Haih^ , h~) and then adding to it the second 
map we obtain an sc-smooth map. ■ 

The geometric interpretation of the projection pa is the following. 

Lemma 3.3. The projection pa is the projection onto the kernel of the map 
Pa -E^ H^'^^iCa), defined by 

{h+,h-)^ea{h~'-ht,,h--h-j, 

along the kernel of the map P^ '■ E © H^(Za), defined by 

Proof. We first show that E = ker © kerP^~. To do this we consider the 
linear map 

P : E -> © H\Za) © H^/°iCa) 

defined by 

Clearly, P is linear and we claim that it is a bijection. Then the injectivity 
of P will show that ker P+ fl ker P~ = {(0, 0)} while the surjectity of P will 
show that ker P+ + ker P~ = E. 

Now, if [h^, h~) belongs to the kernel of the map P, then = and 
consequently ®a{h~^, h~) = and Qa{h^, h~) = 0, and hence by Proposition 
ll.28[ = h~ = 0. In order to prove that P is a surjection we take (^, u, v) e 

© H\Za) © Hl'^^{Ca). By Proposition OH again, there is a unique pair 
u~) e E solving the equations 

©a(u+,u~) = u and ©^ u") = w 
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where we have denoted by E the subspace of E consisting of pairs having 
matching asymptotic hmits. If c is the common asymptotic constant of the 
maps u^, then = c + and Qa{u~^,u~) = Qa{r~^,r~) = v. Given ^ we 
introduce the maps 

= and h~ = + u~ 

whose asymptotic constants are equal to = c and = + c, so that 
hto-h^ = ^5 ©a(/i+, h- + h'^-h'^) = ®a{u+,u~) = u, and Qa{h+-h^, h' - 
^oo) = Qa{r~^,r~) = V. We have proved that P is surjective. This finishes 
the proof of our claim and hence E = ker P+ © ker P~. 

We split a given pair [h^, h~) G E where = + into the sum 

h~) = w~) + v~) 

in which 

{w+, w~) : = , h^) + 7ia{r+, r") 

and 

{v^,v') : = (id-7ra)(r+,r"). 

We claim that {w~^,w~) G ker0a and {v^,v~) G ker©^. Since id — VTa is the 
projection onto ker©^ we conclude that ©a(t>+,t>~) = 0. Moreover, by the 
formula for the projection tTq in Section [L3| the pair {v~^,v~) has a common 
asymptotic limit equal to c = — aVa(r"'", r~). This means that {v~^,v~) G E 
and 

= (0,©,(i;+,tr)) = (0,0). 

Hence {v^,v~) G kerP+. Considering the term {w^,w~), we note that 
= + c. Using the formula for the projection map vr^ and abbreviating 
7ra(r+, r~) = (r/"'', 77"), we have 7ra(r+ — c, r~ — c) = (r/"*" — c, r]~ — c) . Hence 

P„"(W+, W") = ©a(w+ - M;+ , - W;^) = ©a(w+ - /l+ - C, W" - /i;;^ - C) 

= Qaiv'^ - c,r]~ - c) = QaO 7ra(r+ - c, r" - c) = 0, 

since vr^ is the projection onto the kernel of the map ©„. Consequently, 
{w~^, w~) G ker P~. This completes the proof of Lemma [3.31 ■ 
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If a 7^ we abbreviate by Fa the kernel of the map ■ Lemma 13.31 
imphes that the restriction of the map to the kernel, 

P+ : Fa^n''®H\Za,n''), {h+,h-) ^ {ht,-h^,(Ba{h+,h~ + ht,-h~J) 

is a bijection. If a = 0, we put po = id. In this case, we set Fq = E and 
define the map P^ : E ® E hj 

{h+, h-) ^ - /i- , h+, h- + ht,- /i- ), 

where E consists of those pairs in E which have matching asymptotic limits. 
This map is also a bijection. 

Next we consider the case of dimension N = 2 and we restrict ourselves 
to the subspace Eq of E consisting of all pairs h~) of maps in if^'^°(M^ x 
S^,R'^) satisfying 

/i±(0,0) = (0,0) and /i^(0, t) G {0} x M C 

for all t ^ S^. We abbreviate the image of Eq under the projection pa by 

G"^ = pa{Eo) = {{h+, h~) eE^\Qa ih+ - /l+ , h~ - h^) = 0} 

where we have used Lemma [3.31 Observe that C is a subspace of Eq. 
The map A : — M^, defined by 

A = ©,(/i+,/i- + /i+ -/i"), 

has the following properties: 

(1) A(p+) = A([0, 0]) = (0, 0) and A{p-) = A([0, 0]') = /i+ - h^. 

(2) A([0,t]) G {0} X M and A([i?,t]) G (/z^ - /i") + ({0} x M). 

If < \a\ < we denote by Ha the sc-subspace of H^{Za) consisting of 
those maps u : — )■ which satisfy u{pa) = (0, 0) and 

n([0, t]) G {0} X M C and u{[0, t]') G u{p-) + ({0} x M). 

If a = 0, we denote by Hq the space consisting of all pairs {h~^, h~) G Eq for 
which there exists a constant c G satisfying (/i"*", /i~ + c) G E. 
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Lemma 3.4. For \a\ < |, the map $a : — )■ Ha, defined by 



{h-^.h- + h^-h^) ifa = 0, 



is a linear sc-isomorphism. 



Proof. We only consider the case a ^ and begin by showing the injectivity 
of the map $. We assume that (Ba{h~^, h~ + h'^ — h^) = for a pair (/i"*", h~) e 
G". Hence the pair (/i"*", h~) G Eq solves the system of two equations 

®aih+,h~ + ht,-h^) =0 
Qa{h^,h- + ht,-h-J={) 

The system has a unique solution /i"*" = and h~ + /ij^ — h'^ = 0. Since 
= h"^ + where G H^'^''{M.^ x S^), we conclude that = and 
= 0. Hence h~ = h^. From h~{0, 0) = 0, we obtain that also the constant 
= vanishes. Consequently, {h~^,h~) = (0,0) as claimed. 
In order to prove the surjectivity, we choose a map m : — )■ which 

belongs to Ha and abbreviate c = u{p~) = u{R,'d). We have to solve the 

system of two equations 

®a{h+ , + - h^) = u 

Integrating the first equation at s = j over the circle one obtains ava(/i"'", 
^oo~^oo) = M- These averages are defined in Section [L3l Thus the solutions 
of the above system are given by the formulae 

h^{s,t) = [u] + ^-{u-[u]) (35) 

la 

and 

h-{s - R,t - '&) + ht, - h^ = [u] + ■ {u - [u]) (36) 

la 

where, as usual, Pa = /3a{s) and 7a = + (1 — /3a)^- Evaluating both sides 
of the first equation in (l34l) at the point (-R, •(?), we find 

hto-h^ = u{R,i^) =: c 
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so that h in 0361) becomes 

h~(s-R,t-^) = [u]-c+^—^-(u-[u]). 

la 

In view of the properties of the function the asymptotic constants are 
equal to = [u] and = [u] — c. 

It remains to show that h~) G Eq. Using f l35p and the properties of 
the map M, we find /i+(0,0) = m(0,0) = (0,0) and/i+(0,t) = u{0,t) e {0}xM. 
For the map /i~ we use f l36|) and find that /;,~(0,0) = u{R,i)) = c and 
/i-(0,t) = M(i?,'i9 + t) e c + {0} X R. Hence (/i+, /i~) G -Eq and the proof of 
the lemma is finished. ■ 

Remark 3.5. We note that if and h~ have matching asymptotic limits, 
then the glued map A takes the boundary values in {0} x M. The difference 
of asymptotic values makes A take boundary values in an affine subspace on 
the right-hand boundary of Z^. 

In order to understand the upcoming context of the above construction, 
we consider pairs {uq,Uq) of diffeomorphisms 

: X 5^ ^ X 

of the half- cylinders, which on the covering spaces are of the form = 
id with & E specified below. The diffeomorphisms leave the bound- 
aries 

diM.^ X S^) = {0} X 

invariant and we require that they keep the distinguished points (0, 0) G 
M± X S"" fixed, so that 

4(0,0) = (0,0). 

On the covering spaces we shall represent the maps in the following form, 
<(s,t) = (s,t) + (ci+,4) + ro+(s,t), s > (37) 

and 

u^{s\t') = is',t') + (^0,^0) +ro-(/,t'), s' < 0. (38) 

where : M± x M ^ belong to H^'^''{R^ x S^,R^) and satisfy at the 
boundaries (where s = 0) 
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Our aim is to define for a gluing parameter a of sufficiently small modulus, 
a glued map 

which maps the glued finite cylinder Za introduced in Section 11.31 diffeomor- 
phically onto the glued finite cylinder Zb belonging to b = b{a,UQ ,Uq). In 
order to define the glued map we associate with a 7^ 0, the pair {R, -(9) defined 
by 

R = ip{\a\) and a = laje-^^^'', 

where, as before, is the exponential gluing profile ip{r) = — e. In view 
of the above representations of the diffeomorphisms we define the pair 
(i?', by 

R' = R + d^-dQ and ^' = ^ + ^+ - . 
The pair (i?', i)') is associated with the gluing parameter b — b[a, , Uq ). 

Definition 3.6. If \a\ is sufficiently small we define the map Sa{uQ,UQ) : 
Za — !■ Zb as follows. If a = 0, we set 

fflo(Mo,Mo) = (Mo,Mo), 

and if a 7^ 0, we define 

ffla «,no)([s,t]) 

= [(s, t) + (4, 4) + ■ 4(s, t) + (1 - /3a(s)) ■ ro"(s - i?, t - 

The coordinates in the domain of definition of Sa{u^, u^) are [s, t\ where 
s G [0, i?] and the coordinates in the target cylinder Z^ are [S*, T] where 
5* e [0, R'] and where -R' = i? + 4 ~ 4 defined above. 

Note that since Pa{.s) = 1 if s < -| — 1, we have ^q{uq ,u'^){\Q,t]) = 
[0,T{t)] and since (3a{s) = if s > f + 1, we have fflo(4, ^j) = 

[i? + 4-4,t + 4-4 + f(t)]. 

The map Sa{u~^,u~) involves the asymptotic data of the two maps 
and incorporates them into the twist of the target cylinder. The choices 
involved in the construction are subject to further constraints later on. 
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If the gluing parameter < |a| is sufficiently small (hence R is sufficiently 
large), the map ffla(M^,M~) defines a diffeomorphism between finite cylinders 
Za and Zb mapping the marked points onto the marked points p^. These 
are the points on Za and Zi, corresponding to the original boundary points 

Now recall that the subspace Eq G E consists of pairs (/i"*", h~) of map- 
pings in i/3A(K± X S\R'^) satisfying /i±(0,0) = (0,0) and h^{0,t) G {0} x 
M C for all t G S\ If 

with the asymptotic constants of h^, we obtain the mappings + : 
X S'^ -^R^ X represented by 

« + h+){s, t) = {s, t) + (4, ^+) + h++ r+{s, t) + r+(s, t), s>0 

and 

(mo + h-){s',t') = {s',t') + (rfo ,^0 ) + h^ + r^{s',t')+r-{s',t'), s' < 0. 

If the norms of are sufficiently small, the maps + are still dif- 
feomorphisms of the cylinders R^ x leaving the boundaries d{R^ x S^) = 
{0} X invariant and fixing the points (0, 0). Therefore, if \a\ is sufficiently 
small, the glued map 

ffla(^io + h^, Uq + h~) : Za ^ Zb 

for the gluing parameter b = b{a,UQ + h'^,UQ + h~), is a diffeomorphism 
between finite cylinders preserving the distinguished points. The gluing pa- 
rameter b{a, Uq +h~^,UQ + h~) is associated with the pair (i?', 'd') and is given 
by 

(i?', d') = {R, + (4 - 4, 4 - ^0 ) + /^i - h:^. 

Lemma 3.7. The map 5i © H^'^'>{R+ x S\ R"^) © H'^'^°{R~ x S\ M^) _^ 
defined by 

(a, h'^, h~) f-> 6(a, Uq + , Uq + /i~), 
smooth on every level. In particular, it is sc-smooth. 

Proof. If a = |a|e~^'^*'' and b = |6|e~^''*''', we have defined R = v^(|a|) and 
R' = v^d&l), with the gluing profile Lp{r) = e~ — e for < r < 1. By 
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construction {R', = {R, i3) + {d+ -d-,^+ - i^') + - /i" ). The maps 
H- are linear projection and hence smooth on every level. 
On the other hand, the function B defined by B{r, c) := ip~^{ip{r) + c) if 
r > and B{0,c) = is smooth by Lemma [4.41 of the appendix. It follows 
that the map (a, h~) h-)- b{a, uf + h^, + h~) is indeed smooth on every 
level and, in particular, sc-smooth as desired. ■ 

Explicitly, the glued map is computed to be 

ffla {U+ + h+,Uo +h~){[s,t]) 

= [is, t) + (4, 4) + /i+ + ®a{rt + r+, ro" + r-)([s, t]] 
= [ffl,«, no t]) + /i+ + ©a(r+, r-)([s, t])] 
= [ffl,«,Mo)([s,t]) + ©a(/i+,/i- + /i+ - 

where [ , ] denotes the equivalence class of coordinates in Za as well as in 
and Z},. 

Remark 3.8. The following remark will be made precise later on. If Wa^ '■ 
Zao Zb^ is the diffeomorphism constructed by means of = fflao('Wo ? '"o ) 
and 6o = b^a^, Uq , Uq ), then given (a, 6, w) close to (oq, h^, Wao) and abbrevi- 
ating Wa = Sa{uQ, Uq) we shall solve later on the equation 

Wa + ®a{h+, h- + h^- /l- ) = W 

for (h^,h~) e Eq small and satisfying, in addition, pa{h^,h~) = {h^,h~). 
As we shall see this problem has a unique solution which allows to construct 
M-polyfold charts for suitable spaces later on. 

3.2 An M-Polyfold Construction, Proof of Theorem 
[TMl 

The subsection 13.21 is devoted to the proofs of Proposition II .421 and Theorem 
11.431 about the M-polyfold structures on the set X and on its "completion" 
X. 

In order to recall the definition of the set X we denote by F the set of all 
pairs (a, h) of complex numbers satisfying a • 6 7^ and |a|, \h\ < e. The size 
of e will be adjusted during the proof. 
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Definition 3.9. The set X consists of all triples {a,b,w) in which a,b & 
r and w : Za ^ Zf, is a, C^-diffeomorphism between the two finite glued 
cylinders belonging to the Sobolev class and satisfying w{p'^) = pf. 

In order to define a topology on X we fix a point {a^jh^^wo) G X and 
choose a family a i— ?■ 0^ of diffeomorphisms 

4>a'- Za ^ Zao 

defined for gluing parameters a close to oq, mapping to p^^, and satisfying 
(pao = id. We assume that the family a h-)- 0a is smooth in the following sense. 
On the finite cylinder Zag we have the global coordinates Za^ 3 [s, t] — )• 
{s,t) e [0,Ro] X and [s',t']' {s',t') e [-Ro,0] x S\ Similarly, we have 
two global coordinates on Za- If a is close to oq, we can express the map 
(pa '■ Za ^ Zao with respect to four choices of coordinate systems, two in the 
domains and two in the target, namely 

. {s, t) ^ [s, t] ^ [5, T] ^ (5, T) 

. {s,t)^[s,t]^[s\r]'^{s',r) 

• {s\t') ^ [s\t']' H [S',T'] ^ (5',T'). 

The family a h-> is called smooth if all these coordinate expressions are 
smooth as maps of (a, s,t), respectively of (a, s',t'), for a close to ao- Simi- 
larly, we can choose the second smooth family b ^ tpb of diffeomorphisms 

ijjb : ^feo Zb 

defined for gluing parameters b close to bo, mapping p^ to p^, and satisfying 
i/jbo = id. Given an open neighborhood U{wo) of the diffeomorphism wq in 
the space of diffeomorphisms Za^ Zb^ of class if ^, we introduce the set 

Z^(ao,&o,w7o,t/(w^o),5o) 
consisting of triples (a, 6, u) satisfying 

|a — ao|<5o5 |&~&o|<^0) u = ipb ° w o (pa Bxid w E U{wq). 
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4)tOWOipa 



Clearly, the chosen triple (ao, ^o, ujq) belongs to the set U (ao, ^o, ujq, U (wq), ^q) 
so that the collection of the sets U{ao,bo,wo,U (wo), ^o) covers the set X. 

Lemma 3.10. We abbreviate 

Uo =l({ao,bo,Wo,U{wo),5o) and Ui = U{ai,bi,wi,U{wi), 5i). 

If {a,2,b2,W2) G WoflWi, then there exists a set U2 = U{a2,b2,W2,U{w2),S2) 
satisfying 

U2 C UoDUi. 

Proof. We consider the set of diffeomorphisms Uq = U{aQ,bo,WQ,U{wo),So) 
consisting of points {a,b,u) satisfying \a — ao\ < 5o, \b — bo\ < 60 and u = 
o w o ip'^ for a diffeomorphism w G U{wo). Here : Zb^ — )■ Z^ and : 
Zb — )■ Zao are the associated smooth families of diffeomorphisms. Moreover, 
U{wo) is an if^-open neighborhood of C^-diffeomorphisms of Wq : Za^ — Z^^. 
Similarly, we consider the second set U.\ = U{ai,bi,wi,U{wi),6i) of points 
(a, b, u) satisfying |a — ai| < 5i, \b—bi\ < 5i and u = %ljlowo{p\ioi w E U (ii'i), 
where Wi : Za^ — )■ Z^^ is a C^-diffeomorphism in H^. If 

{a2,b2,W2) G Wq nWi 

then 

W2 = OVqO Ifl^ = OViO ipl^ 

for two diffeomorphisms Vq G U{wq) and Vi G U{wi). In view of the re- 
marks (Theorem 12. 6p about the action by diffeomorphisms we find an open 
neighborhoods V{vo) C U{wo) and V{vi) C U{wi) and a number ^2 > 
sufficiently small so that 

^°°n^o)o^°C^^l^(^i)oy,i (39) 

for all |a — a2| < 62 and |6 — &2I < ^2- The smooth families of diffeomorphisms, 
defined by 
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for |a — 02! < 82 and |6 — 62I < ^2 satisfy = id on and ipi,^ = id on Z^^ 
and map the points onto p"^^, respectively p^ onto pf. Next we define the 
open neighborhood in of the C^-diffeomorphism W2 '■ Za^ — > -^ba by 

and introduce the set 

U2 =U{a2,b2,W2,U{w2),52) 

= {(a, b,w)\ |a — 02! < ^2, 1^ — ^2! < ^2 and w = ip'^ o u o (p'^ for some u e f/(w2)} 

If (a, 6, w) G W2, then w = o uo ip^ and u eU {W2) and hence there exists 
w G V^(t'o) satisfying 

u; = ^0 o o o (^0^ o ^ = 7/;° o o (^0. 

Since v G \^(t'o) C t/(u7o)5 we conclude that {a,b,w) G Wq. In view of fl39|) . 
we also conclude that w = ipl ov o ip]^ for some v G V^(fi) C U{vi) and hence 
(a, 6, tf) G Wi. Consequently, W2 C fl Wi as claimed in Lemma 13. 10[ ■ 

Lemma I3.1UI shows that the collection {W(a, 6, w, 5)} defines the 

basis for the topology T on X. This topology is second countable and par- 
compact, and hence metrizable. 

The construction used in the definition of the topology of X allows to 
define M-polyfold charts on X as follows. 

We choose a point (ao, 60, Wq) G X where 

Wq : Zhg 

is a C^-diffeomorphism belonging to and mapping p^^ to p^. There exists 
an eo > so that for given h G H^^Zao,^"^) satisfying h{p^^) = (0,0) and 
h{[0,t]) G {0} X M, h{[0,t]') G {0} x M, and < for |a| < 1, the 

map 

[s,t] ^Woi[s,t]) + h{[s,t]) 

is still a C^-diffeomorphism Za^ — )■ .^60 between the finite glued cylinders. 
Let us denote by H^{Za, M^) the closed subspace of H^{Za, M^) consisting of 
maps h satisfying h{pf) = (0,0), h{[0,t]) G {0} x M and h{[0,t]') G {0} x M. 
Moreover, every diffeomorphism Za^ — ?■ Z^^ in sufficiently close to Wq in 
the C^-norm can be written in such a way for a uniquely determined h. 
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Remark 3.11. Let us note the following important fact. Take Ei G (0,eo)- 
Then we find a diffeomorphism wi : Z^^ — ?■ "which is smooth and close 
to wq so that the previous discussion is valid for w\ with Eq replaced by 
E\. In addition, = wi + for a suitable which is controlled by E\. 
Hence we may assume without loss of generality that in the triple (oq, &0; wq) 
chosen above, the map : Za^^ — )■ Z^,^^ is a smooth diffeomorphism and the 
collection of triples (oq, foo; + ^) where h satisfies the conditions described 
above contains an a-priori given triple in X. 

Now, assuming that u^q : ~^ ^bo is a smooth diffeomorphism, we 
choose two smooth (in the sense explained after the Definition I3.9p families 
a (pa and b ipb oi diffeomorphisms 

(f)a: Za^ Zao and ipb ■ Zb„ Zb 

defined for a close to oq and b close to bo and introduce the map 

(a, b, h) ^ (a, 6, ipb o (wo + h) o (pa) & X 

into the space X, defined for triples (a, 6, h) in which (a, 6) is close to (oq, &o) 
and is varying in the subspace H^{Zao,^^) of H^{Z ap,M ) as described 
above. The domain of definition of the map is a set in a neighborhood of the 
point (ao, foo; 0) in the sc-Hilbert space 

C®C®H\Za,,^^). 

By definition of the topology, this map is continuous and obviously a homeo- 
morphism onto some open neighborhood of the point (oq, b^^ Wq) G X. Hence 
we may view it as the inverse of a chart. 

We consider two such charts around the points (oq, bo, wo) and (ao, ^o, wo) G 
X. The inverse of the second chart is the map 

(a, b, h) t-). (a, 6, ^ o {wo + h) o i^a) 

with h G H'^{ZaQ,M?'). At the points where the two charts intersect we have 
a = a and b = b and hence ipb ° (w^o + h) o (pa = ipb^ {uio + h) o (pa- Therefore, 
the transition map of the charts is of the form 

(a, b, h) H- (a, 6, h) 
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where h{a,b,h) G H^{Zaf,,M.'^) is defined by 

h{a, b, h) := (V^^"^ o^^^o [wq + /i) o 0„ o - w^^. 

The map a i— ?• y^aO^"^ is a smooth family of diffeomorphisms — )■ Z^o, and 
H- ij:^^ oipijis a. smooth family of diffeomorphisms Zi,^ — Z-^^. Recalling the 
result about diffeomorphism actions we conclude from Theorem 1 1 . 2 6 1 to get her 
with the chain rule that the map (a, 6, h) H- h{a, b, h) is an sc-smooth map. 

Having proved that the transition maps between the M-polyfold charts are 
sc-smooth, we have equipped the set X with the structure of an M-polyfold. 

Remark 3.12. If we equip the (classical) Hilbert manifold of diffeomor- 
phisms Zao — Zb^ of class preserving the distinguished points, with the 
filtration for which the level m corresponds to the Sobolev regularity m + 3, 
we obtain an sc-manifold taking as charts the ones coming from exponential 
maps. We refer to |1] for the classical set-up. For this sc-manifold, the map 

(a, b, u) ^ (a, b.ijjbouo (pa) 

establishes an sc-diffeomorphism between an open neighborhood of the triple 
{ao,bo,Uo) in which uq is viewed as an element in the latter defined space, 
and an open neighborhood of the same triple in the former M-polyfold X. 

Let us consider two different points {ai,bi,wi) and (02, 62,^^2) in X. We 
can connect {ai,bi,wi) by a continuous path to an element of the form 
(02, 62, ws). We have to keep in mind that the space of end-point preserving 
diffeomorphisms is disconnected (think about Dehn twists). However keeping 
02 fixed we can vary 62 and W3 and connect it with {a2,b2,W2)- Therefore, 
the topological space X is connected. Since it carries a second countable 
paracompact topology, the proof of Theorem 11.421 is complete. ■ 

Compared to the general setting, the M-polyfold structure for X is quite 
special insofar as the local models are open subsets of sc-Hilbert spaces. This 
will change in the next step where we "complete" the space X to the space X 
by adding the elements corresponding to the gluing parameter values a = 
and b = 0. 

We fix a number (5o G (0, 2%) and denote hyV = T>^'^o the space consisting 
of pairs {u'^,u~) in which the maps : x ^ M"*^ x are C^- 
diffeomorphisms belonging to H^^^ and satisfying 

n±(0,0) = (0,0). 
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Moreover, we assume that there exist asymptotic constants {d^, G Mx S"^, 
so that 

u^{s, t) = {s + d^, t + ^^) + r±(s, t), 

where the maps r ± belong to H^^^°{R^ x S'^,R'^). We define an sc-structure 
on V by declaring the level m to consist of elements of regularity (m + 3, Sm) 
where {6m) is a strictly increasing sequence of real numbers contained in 
(0, 27i) and starting with the previously chosen 6o. 

We recall from Section [L5] that the set X is defined as the disjoint union 

X = X]J({(0,0)}xI?). 

We shall construct charts around points of the form (0,0,m^,m~), which 
are compatible with the M-polyfold structure already defined for X and, of 
course, are compatible among themselves. Before we do that we define the 
topology on X. 

We consider a sufficiently small open neighborhood U{uq,Uq) in V for 
the if^''^°-topology on V. Then there exists ctq > so that for < |a| < (Tq 
the glued maps Sa{u~^,u~) are diffeomorphisms Za — )■ Zf, between finite 
cylinders, where {u'^,u~) G U{uq,Uq) and b = b{a,u^ ,u~) and \a\, \b\ < e. 
If a = 0, we have, by definition, fflo(^''') = {'^^ ^ u~) and 6(0, u~^, u~) = 0. 
We introduce for cr e (0, ctq) the set of triples 

Wo- = {(a, 6(a, u^,u~), Sa{u^, u^)) | < \a\ < a, (n^, u^) E U (uq , Uq)}. 

(40) 

We have already equipped the set X with a metrizable topology. The follow- 
ing lemma shows that the collection of subsets of type Ucr in X as defined in 
(140|) . is compatible with the topology on X. 

Proposition 3.13. Let U = Ua be as defined in [JW - Then the set X nlA 
is open in X. Given two sets U and V as defined in ( f^OP and a point 
(0,0,Mo,Mq) G X which belongs to U nV, there exists a third set W con- 
structed according to the recipe centered at (0,0,Mq,Mq) so that 

(o,o,<,Mo) e W cwn V. 

Hence there exists a unique topology on X for which the open sets in X and 
the new sets just introduced form a basis. Moreover, this topology is second 
countable and metrizable. Further, X equipped with this topology is connected 
and X is open and dense in X . 
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Proof. We first consider the case that {ao,bo,Wo) G X fl Wo-, so that 

{ao,bo,Wo) = (ao,fe(ao,^^o,^o),fflao(^o,^^o)) 

where < |ao| < cr and wq = Sa^iuQ, Uq ) is a diffeomorphism Za^ for 
ho = b{ao,UQ ,Uq). We have to show that a small open neighborhood O of 
(flo, ^0, Wo) in X is contained in Ua- We recall that an open neighborhood O 
of the point (ag, bo, Wo) € X may be assumed of the form 

O = {{a,b,ipb ° u o (j)^) \ \a — ao\ < e,\b — bo\ < e and u E U (wo)} 

where e > and where U {wq) is a small if^-neighborhood of wo in the set of 
diffeomorphisms Zag — )■ ^'^g of Sobolev class and fixing the distinguished 
points. 

If a = and b = bo, then u = Wo so that 

Ipbo OWqO = Wq. 

We have used that 0ao = id on and ipbo = id on Zt,,. 

We recall that the pair h~) e Eo consists of maps h"^ : x ^ 
of the form 

/z± = /,± +r± 

where r± G H^^^°{R^ x ^\M2) g^^^j ^j^g^g /i±(0,0) = (0,0) and /i±(0,t) e 
{0} X M for all t G M. 

If 5 > in the definition of O is sufficiently small and (a, 6, ipbOuo(j)^) g (9 
we look for a solution /;,") G -Eq of the following equations 

ffla (^ic}' + /i^, Uq + h~) = tpb ° u O (pa (41) 

and 

6(a, + + /i") = 6 (42) 

so that {a,b{a,UQ + h~^,UQ + /i~),ffla(MQ + h^,u~ + h~)) G Wo-. We recall 
that S are diffeomorphisms of the form 

u+{s,t) = {s,t) + {d+,^+) +r+{s,t), s>0 
Uois',t') = {s',t') + {d^,i3^)+r^is',t'), s' < 

and G H^'^"{R^ x 5'\M2). From Section Owe know that 

maiu+ + h+,UQ +h-){[s,t]) 

= [ffl,«,Mo )([s,t]) + ®a{h+,h- + /i+ - h^){[s,t])] . 
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Hence, abbreviating 



we have to solve the equation 



(43) 



for the unknown maps {h^,h~) G Eq. The right hand side vanishes if a = 
ttao, b = bo, and u = wq since Wa^ = 100. It actually suffices to solve for 
Q~) ^ E the equation 

®a (g^, q~) =^b°UO(j)^- Wa- (44) 

because the solution (/i"*", h~) G Eq of ( 143|) is then given by the formula 

{h+,h-) = {q+,q- + {h^-ht,)). 

Recall that /i^ — h'^ can be computed from a and 6, so that {h^,h~) is 
uniquely determined. The equation (l44l) becomes uniquely solvable once we 
impose, in addition, the equation 0a(Q'^,i?~) = 0. Abbreviating the right 
hand side by 

g = IpbOUO (f)^- Wa, 

the two equations 

ea{q^,q-)=0 

have the following unique solution. Explicitly, the equations ( 145|) are repre- 
sented by 

/3,(s) ■ g+(s, t) + {l- Pais)) ■q~{s-R,t~i))= g{s, t) 

-(1 - Pais)) ■ g+(s, t) + /3,(s) ■ g-(s -R,t-^) = (2/3,(s) - l)av,(g+, g"). 

Integrating the first equation at s = over the circle S^, we find in view of 
/3a (^) = I that the average 



agrees with the mean value of the function g. In matrix form the above two 
equations are now written as 



Pais) il-Pais)) 
-(1 - Pais) Pais) 



g+(s,t) 
q-is-R,t-^) 



i2Pais) - i)[g] 
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Denoting by 7a(s) = f3a{sy + (1 — f3a{s)Y the determinant of the matrix, one 
arrives at the following formulae for the solution, 



= [g] + 



/3a(s 



■{9is,t)-[g]) 



(46) 



7a IS 



and 




are both equal to [g]. In particular, we find 



■{9{s,t)-[g]). 



(47) 




(48) 



In order to to solve the equation (H2l) we associate with the gluing parameter 
b the pair [R', -d') consisting of the gluing length and the gluing angle as the 
solution of the equation 



then b = b{a,UQ + h~^,UQ + h^) as desired and we have proved that the 
equations fHB together with fH2]) and Qa{h~^,h~ + — h^) = have a 
unique solution {h~^,h~) G E. Actually, {h'^,h") G Eq as the next lemma 
shows. 

Lemma 3.14. The pair {h~^, h~) belongs to Eq. 

Proof. We first calculate the values oi g = iphouoip^ — wa at the points (0, 0) 
and (-R, d) where (-R, d) are the gluing length and the gluing angle associated 
with the parameter a. We recall that 0^ : — > is a diffeomorphism 
mapping the distinguished points of the cyhnder Za^ onto the distinguished 
points of Zao- The same holds true for the diffeomorphism ipi, : — )■ Zfy 
and the diffeomorphism u : Za^ — ?■ Z^^ fixes the distinguished points. Hence, 
V^ft o M o 0^(0,0) = (0,0) and o u o (pa{R,'&) = (R',^') where {R',^') are 
the parameters associated with b. In addition, since the boundaries of Za are 
mapped onto the corresponding boundaries of Zjy, we have ipb^uo (paiO, t) G 
{0} X M and V^fe o u o (^^{R, i^ + t) & {{R', 'd')} + ({0} x M) for all t G M. 

To evaluate the diffeomorphism Wa = Sa{uQ , Uq) at the points (0, 0) and 
(-R, ??), we recall that the diffeomorphisms : M.^ x S S are of the 

formuQ(s,t) = (s, t) + (do , -i^o ) +r^(s, t) and satisfy Uq(0, 0) = (0,0). Using 



{R', = {R, ^) + (4 - rfo , < - ^0 ) + hto-h, 



'oo ' 



(49) 
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that ffl„«, Uq){s, t) = (s, t) + (4, ^9+) + (3ar+{s, t) + (1 - Patois -R,t-1?), 
we find Wa(0,0) = (0,0) and Wa{0,t) e {0} x R. Evaluating at {R,'d) we 
obtain, Wa{R,^) = (R,^) + «,0 + ro~(0,0) = (R,^) + (4 - ^ - 
^0 ) + «o (0' 0) = ^) + (^0 - 4' ^0 - ^0 ) and similarly 

+ t) G {{R, ^) + (4 - 4, 4 - )) + ({0} X M). 

Consequently, ^(0,0) = (0,0) and^(i?,?9) = (i?', ?9') - ((^, ^) + (4-4, 4" 
?9o)). In addition, g{0,t) e {0} x R and 

g{R, i^ + t)e {{R', 1^') - {R, ?9) - (4 - 4, 4 - ^9o")) + ({0} x R). 

Now, since h+ = g+, it follows from 1^ that /i+(0,0) = g+(0,0) = 
^(0, 0) = (0, 0) and h+{0, t) = g{0, t) G {0} x M for all t E R. Using (|49]) and 
( HTj) and h~ =q~ + h^- /i+ , we find that h-{0, 0) = g~(0, 0) + /i;^ - /i+ = 
^?(i?,^) + /i- = (R',^')-((R,^) + (4-d^,i3t-i3^)) + h^-h+ = (0,0) 
and h (0, t) = 5'(i?, '&) + h^ — h^ G {0} x M. Consequently, the pair (/i+, /i ) 
belongs to Eq and the proof of the lemma is complete. 

■ 

We recall that if a = ao, 6 = 6o E^-nd n = Wq, then (7 = and hence 
h'^ = and /i~ = and we conclude from the above formulae that if e > 
is sufficiently small, then indeed O C Ua- 

It remains to consider the case in which ao = bo = 0. We claim that given 
two sets t/o-i and Ua^ as defined in (33) and a point (0,0,Mq,Mo) G X which 
belongs to t/o-i H Ua2, then there exists a third set ?7o-q such that 

(0,0, 4, Mo) e f/ao c u^, 

Indeed, the sets 11^^ and t/o-j have the form 

:= {(a, b{a, u~^,u~), ffla («'*', m~))| < \a\ < ai, (m^, u^) eU {uf, u^)} 
:= {(a, b{a, u~^,u~), ffla («"*", m~))| < \a\ < (72, («"*", u~) E U (m^, ^2^)} 

where f/(M]^,M|f) is an open neighborhood of the pair {uf,u^) in V for the 
if ^'^"^ -topology on and similarly for ?7(m^, m^). Since (0, 0, Uq, Mq ) G f/o-i fl 

(4,^0 ) e f/(4>^r) n f/(4'^2')- 
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We choose an open neighborhood U{uq, Uq ) of the pair (mq , Mq ) in P for the 
H^'^° -topology satisfying 

and set 60 = min{5i, 62}- Then the set f/o-g , defined by 

■■= {{a,b{a,u^,u~),Sa{u^,u~))\ \a\ < ctq, {u^,u~) G U{uq,Uq)}, 
satisfies 

(0, 0, M^, Mo ) e t/^o C f/^, n 
as claimed. The proof of Proposition 13. 131 is complete. 

■ 

Lemma 3.15. If the pair {q~^.,q~) & E is the unique solution of (1451) 

®aiq~'.q~) = g 

ea(g+,g") = 0, 

then the pair {h~^, h~) := q~ + h'^ — /i+ ) G £"0 satisfies 

Pa{h-^,h-) = {h+,h-). 

Proof. The condition 0a((5'''', q~) = Qa{h'^ , h~ + — h^) = is the same 
as the condition 0a(/i+ — /i+ , h~ — h^) = which is equivalent to the relation 
Pa{h~^, h~) = {h~^, h~), in view of Lemma [3.31 ■ 

Lemma 3.16. We assume that {uq,Uq) G V°° are smooth diffeomorphisms 
of the half- cylinders x and fix the smooth point (ao,6o,Wo) & X in 
which wq = fflao {uq, Uq) . Setting g = ipb^uocpa — Wa = w — Wa, the mappings 
X ^ E, 

(a, b, w) t-)- {q^{a, b, w), q~{a, b, w)) G E, 

defined on a neighborhood of {ao,bQ,wo) in X as the unique solution of ( H5|l . 
are sc-smooth. 

Proof. We use the local sc-coordinates (a, b, h) H- (a, 6, o (wq + Zi) o^^j) of X 
near (ao, &05 wq) G X, where h varies in the sc-Hilbert space H^'^°{ZaQ, M^) of 
functions on the fixed cylinder Za^. Then g = iph° {wq + h)o(j)^ — Wa and the 
solutions of f HS]) are in these coordinates mappings (a, 6, /;,) i-)- g^(a, 6, /i). 
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Recalling the proof of Proposition 13.131 the map = d + is defined by 
d = [g] and 

for s > 0. Since f3a{s) = for s > f + 1, the map g+ is obtained from 
the sole knowledge of g on the finite piece [0, ^ + 1] x 5^. Clearly, Wa as 
a function of a near ao is sc-smoothly depending on a on the fixed cylinder 
[0,f + 2]xS\ In view of Theorem 1 1 . 26 1 about diffeomorphisms actions, the 
function g depends sc-smoothly on (a, b, h) in the neighborhood of (oq, 6oj 0). 
The sc-smoothness of the map {a,b,h) H- q^{a,b,h) now follows from the 
above formula for r^{s,t) using Proposition 12.81 and the chain rule. Similar 
arguments show that also (a, b, h) ^ q~{a, b, h) is an sc-smooth function. ■ 

From Lemma [3.161 we deduce immediately the following result. 

Lemma 3.17. Fix the smooth point {aQ,bQ,Wo) G X. Then there exists an 
open neighborhood U G X of the point and an sc-smooth map 

defined by T{a, b, w) = {h~^, h~) where {h'^, h~) = q~ + — /i+ ) G Eq 
is the unique solution of ( W2\i and fHSl) . 

Proof. This follows immediately from Lemma |3lT6]together with Lemma [2. 191 
applied to = [g] and Lemma [3171 applied to h^. ■ 

Lemma 3.18. We assume that {u^,Uq) G are smooth diffeomorphisms 
o/M^ X S^. Then the map 

U{ao, 0, 0) C C X ^0 ^ X, 

defined by 

(a, h^, h~) i-T- (a, 6(a, Uq + , Uq + h~), ffla(^o + + ^~)) ^ 

in a small open neighborhood of {aQ,h~^,h~) = (ao,0,0) where ao ^ 0, is an 
sc-smooth map. 
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Proof. In the local sc-cliart around the point {ao, bo, Wq) G X which is defined 
by (a, b, h) i— )■ (a, b, ipb ° {wq + h)o (pa), our map is represented by the formulae 
b = b{a, Uq + Uq + h~) and 

Arguing now as in the proof of Lemma EUS] one verifies that (a, h^, h~) i— )■ h 
is an sc-smooth map. ■ 

For the following it is important to observe that if (ao,&0)'2'o) G is 
a point in which wq = SaoiuQ ,u'^) for a pair {uq,Uq) of diffeomorphisms 
of X belonging to the space P^'^o, then there exists a smooth point 
{ao,bQ,Wo) G X is which Wq = Sa^iuQ ,Uq) for a pair {uq,Uq) of smooth 
diffeomorphisms of x belonging to the space and an open neigh- 
borhood U C X of {ao,bo,Wo), which contains the original point (oq, &05 "W^o)- 

In view of the above discussion, we have establish the following result. 

Proposition 3.19. If {uq,Uq) G V°° is a pair of smooth diffeomorphisms 
o/M^ X and if (ao, bo, wq) is the smooth point in which wq = Sa^^UQ, Uq), 
then there exists an open neighborhood U G X of this point and an sc-smooth 
map 

defined by r(a, b, w) = (/i^, h~) and having the following properties. 

• T{ao,bo,wo) = (0,0) 

• ffla[(^io , ) + r(a, b, w)] = w. 

• pa{h+,h-) = {h+,h-). 

In view of our observation above, it is sufficient to introduce chart maps 
of X centered at smooth points (0, 0, u^, ) G X \ X where {uq, Uq 
are smooth diffeomorphisms of x . 

Definition 3.20. Given (m^,Mq) G we define the map 

V9 : {(a, h~) I Pa{h'^, h~) = h~), \a\ < ctq, {h^, h~) e U} ^X, 
in which f/ C -Eq is a small open neighborhood of (0, 0) G Eq, by 

V9(a, /i"*", h~) = (a, 6(a, Uq + h'^, Uq + h'), ffla(Mo + ""o + ^~)) 
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if a 7^ 0, and by the formula, 

ifiO, h+, h~) = (0, 0, M+ + h+, Mo + h~) 

in the case a = 0. 

Remark 3.21. We would like to emphasize that due to the assumption 
Pa{h~^i h~) = {h~^, h~) the map ip is invertible. Indeed, since this assumption 
is equivalent to the requirement Qa{h~^ — h'^, h~ = 0, in view of Lemma 

13.31 the injectivity of ip follows by the arguments already used in the proof 
of Proposition 13.131 Namely, if 

(p{a, h~^, h~) = (p(a, k~^, k~), 

then a = a and so b{a,UQ + h^,UQ + h^) = b{a,UQ + k^,UQ + k~) and 
ffla(^d^ + ,Uq + h~) = Sa{uQ + k~^ ,Uq + k~) and the additional equations 
ea{h+-h^,h--h^) = Oand Qa{k+ -k^, k' -k^) = imply that h+ = k+ 
and h~ = k~ . 

From the previous results we deduce the following result. 

Proposition 3.22. The map ip in Defimtion \3.20\ restricted to triples (a, h^, h") 
satisfying a ^ Q is an sc-dijfeomorphism onto an open subset of the M-polyfold 
X. 

The above maps of Definition 13.201 cover the set X \ X and are com- 
patible with the sc-msooth structure of the M-polyfold X. Hence in order 
to establish an sc-smooth structure on X it remains to show that the chart 
transformations are sc-smooth in a neighborhood of a = 0. We shall make 
use of the sc-smoothness results in chapter [21 in particular of Proposition 12.81 
and of Lemma ICTHOTl 

Proposition 3.23. and 02 o'^e two chart maps of the topological space 

X as introduced in Definition \3.2(A then the chart transformation 

4>2^ O 01 

is an sc-smooth map. 
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Proof. We consider two chart maps 0i and 02 into X according to Definition 
13.201 which are defined in a neighborhood of a = 0. The first one is the map 

{(a, h~) I p4/i+, h~) = < < |a| < (Ti, /i") G Ui} X, 

defined by 

0i(a, h~^, h~) := (a, b{a, uf + h^, + h~), Sa{uf + h~^, + h~)) 
if a 7^ 0, and by 

01 (a, /i") := (0, 0, + + /i") 

if a = 0. Here 5* are two smooth diffeomorphisms of 

the positive resp. negative cyhnder (in the covering spaces) of the form 

= (s,t) + (d+,^?+) + r+(s,t), s>0 

„-(s',t') = (s',0 + (^r,^r) + ^r(s',0, s'<o ^ ^ 

where the pair (r]^,rj|~) G is a smooth point in the sc-Banach space 
^3,5o(K+ X ^i,M2j X /j3,5o(^- X addition, [/i C is an open 

neighborhood of (0,0) G Eq consisting of pairs {h^,h~) of maps : x 

-> M2 of the form /i±(s,t) = + r±(s,t) and r± G H^'^''{R+ x 
Similarly, the second chart map ip2, 

{(a', k+, k-) I Pa'(A;+, A;") = {k+, A;"), < \a'\ < as, (fc+, /i") G f/2} ^ X 

is defined by 

02(a', k^,k~) := (a',6'(a',M^ + + k~),Sa'{u^ + k+,u:^ + k~)) 

if a' 7^ 0, and by 

02(a', k^, k~) := (0, 0, u+ + + A;") 

if a' = 0. The regions where the charts overlap are defined by 

0i(a, /?,-)= 02(a',A;+, A;-). (51) 
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If a = 0, then it follows that also a' = 0, and hence 6 = and 6' = 0, so that 

0i(O, h+, h-) = (0, 0, < + + h-) 

= (0, 0, ut + k+, U2 + k~) = 02(0, k+, k-). 

The map o </)i(0, h~^, h~) = (0, k~^, k~) is therefore given by 

k+ = h+ + {ut - u+) ^ ^ 

k = li + [u-^ — ^2 j. 

If a 7^ 0, then a' = a and hence fe(a, u^ + Zi"*", +h~) = b'{a, u^ + fc"*", + 
and 

ffla « + + /i") = ffla(«^ + k+, + A;^). (53) 

In particular, the gluing lengths and gluing angles {Ri,'di) and {R2,'&2) as- 
sociated with the gluing parameters a and a' are equal. Also the gluing 
lengths and gluing angles {R[,'d[) and {R2,^2) associated with the gluing 
parameters b{a, uf + ,Ui + h~) and b'{ ) are the same. 

Hence, in view of (/2i,^9i) = (i?i,?9i) + (rf| - rf^,^?^" - d^) + - and 
(-R2! ''^2) = (-^2, ^2) + (<^2^ — d2 ,'&2 ~ '^2) + ^00 ~ ^00 5 obtain the relation 

k^-k^ = (ht, - h-J + {dt - dl - 4 + , ^9+ - - ^9+ + ^2-)- (54) 

Abbreviating 

Wa = Sa{uf, n^) - Sa{u^, U^), 

the equation becomes 

(/;;+, /c- + - fc" ) = ©,(/i+, /i" + /i+ - /i" ) + (55) 

Recall that the pair (A;+, k~) satisfies Pa{k~^, k~) = (/c"*", k~) which implies by 
Lemma [331 that Qa{k~^ — k^, k~ — k^) = 0. Observing that the anti-gluing 
operation 0^ satisfies 

Qaiv+ + A,v- + A) = Qaiv-^, V-) 

for every constant A, we conclude that 0a(A;+, k~ + k^ — k^) = 0. Setting 
g"*" = k~^ and q~ = k~ + k^ — k^ and abbreviating 

g:=®a{h^yh- + h^-h^)+Wa, (56) 
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we have therefore to solve the following system of equations for (g"*", q ) 

ea(g+,g-) = o. ^ 

Integrating the first equation at s = j over the circle and recalling that 

/3a(f ) = |, we find 

ava(g+,g-) = M. (58) 
In matrix form the system ( 157|) is expressed as follows, 



/9a 1 - /3a" 








9 




9 






.1 




_(2/3,-l)av,(g+,g-)_ 




m-i)[9]_ 



Denoting by 7a = /3 + + (1 — Pa)"^ the determinant of the matrix and 
abbreviating = 7a (s) and (3a = (3a{s), the unique solution of (157|) is given 
by 

qHs,t)=(l-^)-[g] + ^-g (59) 

V 7a/ 7a 

for s > 0, and 

q-(s-R,t-^)=(l-^-^)-[g]+^-^-g (60) 

V 7a / 7a 

for all s < R. 

In order to analyze the behavior at a = we write down the solutions in 
detail. To do this we represent = h'^ + rf where G iJ^'^o(]R^ x S^, R^) 
and use the explicit representations of 

9{s,t) = ®a{h+,h- + /li - h^){s,t) + Wa{s,t) 

= ht. + Pa- rtis, t) + (1 - Pa) ■ r^is - R,t - d) + Wa{s, t) 

and of 

Wa{s, t) = (S, t) + (d+ ?9+) + Pa ■ rt{s, t) + {I - Pa) " {s - R,t - "&) 

- (s, t) - (4, dt) - /Sa ■ rt{s, t)-{l- Pa) ■ r2-(s -R,t-d) 

= (dt-dt,^t-^t) 

+ /3a ■ {rt - rt){s,t) + (1 - Pa) ■ (rr - r2-)(s - R,t - i^), 
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so that 

+ Pa ■ r+(s, t) + (1 - Pa) ■r--{s-R,t-i3) 
where we have abbreviated 



(61) 



r 



^-rf + rf-rf. (62) 
The mean value [g] = J^i 9 dt is computed to be 

[g] = hl + {dt - dt, - ^t) + ava(r+, r"). (63) 
With ( 16T|) and f l63|) the solution q^{s,t) for all s > is equal to 



9+(s, t) = /i+ + {dt - 4, ^+ - ^9+) + ( 1 - ^ ) ■ av,(r+, r") 



7« 



+ ^ . r+(s, t) + ^"^^ . r-(s - i?, t - ^), 

7a 7a 



(64) 



where, as usual, we have abbreviated (3a = Pa{s). Since = k'^ we read off 
the solution q~^{s,t) the asymptotic constant 

fc+ = limg+(s,t) = /i+ +(rf+-4,<-4) + av,(r+,r~) (65) 

using that /3a{s) = for s > f + 1- 

In order to represent the solution q~{s — R,t — ??) for all s < i? we 
introduce the variables s' = s — R and t' = t — d. From /3(s) = 1 — /9(— s) 
one deduces Pa^s') = /3(-s' - f ) = 1 - /3(s' + f ) = 1 - /3„(s' + i?) and 
7a(— s') = 7a(s' + R). Using this, the solution q~{s',t') is represented by 

q-{s',t') = k-{s\t') + {kt,-k^) 



hto + idt-dt,i}t-^t)+(l-^^) 

V 7a(-s')/ 



, (1 - /j,(-.0)/3,(-sO . , „ , , Pai-sT 

H r^[s + R,t — ■ r [s ,t) 

7a(-s') 7a(-s') 

for all s' < 0. In view of the relation ( 15^ . the solution k~{s',t') has the 
following representation, 

k-{s', t') = h^ + (4 - 4 - ^2") + f 1 - ■ ava(r+, r-) 

V 7a I 

/^a( ^ ) +/ / I 7~) J./ I Q\ I '^a( J -I I ±l\ 

— ■ r^(s + i?, t + ^?) + — — ■ r (s , t ). 

7a(-s') 7a(-s') 
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n2 (66) 



The asymptotic constant = lim^/^^oo k (s', t') of the solution k is equal 
to 

k^ = h^ + (di - - ^2") + ava(r+, r~). (67) 

From the expressions fl65|) and fl671) one deduces using the Lemmata 
12.181 and I2.19[ that the asymptotic constants k^ depend sc-smoothly on 
(a, /i"*", h~). 

To sum up our computations, we represent the chart transformation $ = 
02 ^ o (f)i by the formula 



(0, /i+ + (m^ + (m^ -M^)) ifa = 
(0, k+{a, h+, h-), k-{a, h+, h~)) if a 7^ 



where, for a 7^ 0, the maps k~^{a, , h ) = g+ and /c {a,h'^,h ) = q + 
^00 ~ ^00 defined by ( 164|) and ( 1661) . We define the maps /c^ at a = by 

A;+(0, /i-) := h+ + (n+ - n+) 



k-{0,h+,h-) := h' 



Ml — M 



2 



and observe that 

h+ + (n+ - n+) = /1+ + + - 4, ^9+ - ^+) + (r+ - 4) 

and 

where as before = rf + rf — 

Checking every term in (164|) and in (166|) . applying Proposition 12.81 and 
the Lemmata l2.18fl2.2H one sees that the maps (a, /i"*", 1— ?■ /c^(a, 
are sc-smooth in a neighborhood of a = 0. 

Finally, in view of Lemma |3.7[ also the map {a,h^,h~) t— )■ b{a,UQ + 

,Uq + h~) is sc-smooth. 

The proof of the sc-smoothness of the chart transformations is complete. 



As a consequence we obtain the following result. 

Proposition 3.24. The topological space X has in a natural way the struc- 
ture of an M-polyfold which induces on X the previously defined M-polyfold 
structure. 

With Proposition 13. 24^ the proof of Theorem 11.431 is complete. 
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3.3 A Strong Bundle, Proof of Theorem 11.441 



Continuing with the illustration of the polyfold theory, we are going to con- 
struct a strong bundle over the M-polyfold V x X. 

In order to define the Cauchy-Riemann operator as an sc-smooth Fred- 
holm section we shall first equip the cylinders Za with complex structures. 

We assume that X has the M-polyfold structure defined above, using the 
gluing profile ip{r) = — e and the sequence {6m) of weights in the open 
interval (0,27r). We choose a smooth family 

of complex structures on the half cylinders x parametrized by v be- 
longing to an open neighborhood of in some finite dimensional vector 
space. We assume that j^{v) = z is the standard complex structure outside 
of a compact neighborhood of the boundaries 9(M^ x S^). In order to arrange 
that the gluing of the half-cyliners x takes place in a region where the 
complex structures J^(f) are the standard structures we shall not glue the 
half- cylinders along the pieces [0, R] x resp. [—R, 0] x as we did so far 
but along much shorter pieces and obtain the new finite cylinders Za and the 
new infinite cylinders Ca, which we denote by the same letters because they 
are biholomorphically equivalent to the old cylinders we have considered so 
far. 

We assume that j^{v) = i ior s > |so and j~{v) = i for s < — |so and 
choose the gluing parameter a so small that R = if{\a\) satisfies R — Sq > Sq. 
We then identify the points (s, t) G [sq, R — sq] x of the cylinder M+ x 
with the points (s', t') G [—R + sq, —sq] x of the negative cylinder M~ x 
if 

s' = s-R 

as illustrated in Figure 5. We have to keep in mind that Za possesses the 
distinguished points pf. 

Using the same identification we also redefine the infinite cylinders Ca as 
illustrated in Figure 6. 

The complex structures j^{v) induce the complex structures j{a,v) on 
the glued finite cylinders Za for sufficiently small gluing parameters a. We 
equip the glued infinite cylinder Ca with the standard complex structure 
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Figure 5: Glued finite cylinders Za 
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R- So R 



M+ X 




Figure 6: Glued infinite cylinders Ca 
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denoted hy i. It is clearly biholomorphic to the standard complex cylinder 
M X S\ 

With these new cylinders Za and Ca, the gluing formula (Ba and the anti- 
gluing formula Qa for the maps on the cylinders remain unchanged and all 
the definitions and corresponding results proved so far hold true also for the 
new cylinders with the identical proofs. 

Clearly with X, also ^ x X is an M-polyfold. If the point [v, a, b, w) G 
V X X satisfies a ^ and b ^ 0, then w : Za ^ Zf, is a. diffeomorphism and 
associated with this point we consider mappings ^ which are defined on the 
cylinder Za and whose images 

^{z) : {T;,ZaJia,v)) {T.^(^^)Zb,i) 

are complex anti-linear mappings belonging to the Sobolev space H^. The 
complex anti-linearity requires that 

^{z) oj{a,v) = -io^{z) 

for all z & Za- In the following we identify the tangent spaces of the cylinders 
Za and x with M^. 

If a = (and consequently 6 = 0), then Zq is the disjoint union 

(M+ X S^) Y[(R~ X S^) 

and recalling the two diffeomorphisms : x S*^ — ?■ x S^, we are 
familiar with from the previous section, we associate with Zq two maps z i— )• 
C,^{z) defined on the half cylinders x whose images 

e{z) : (T,M± X S'),j^{v)) ^ (r„±(,)M± x S'),i) 

are complex anti-linear and belong to if^''^°(R^ x 5*^,1^^). 

The collection E of all multiplets {v, a, b,w,^) in which {v, a,b,w) G VxX 
and ^ is the associated complex anti-linear map, possesses the projection map 

E V X X , {v,a,b,w,^) {v, a, b, w) 

where fibers (containing C.) have in a natural way the structure of a Hilbert 
space. 

On E we introduce the double-filtration {Em,k) whose indices run over 
m > and < < m + 1, as explained in Section II. 4[ If ab ^ 0, then 
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an element {v,a,b,w,^) belongs to Em,k if {v,a,b,w) ^ V x X^, where w 
belongs to the level m if it has the Sobolev regularity (m + 3, 6m), and if ^ 
belongs to the class {k + 2, Sk). 

This subsection 13.31 is devoted to the proof of the following theorem an- 
nounced in the introduction. 

Theorem 3.25. Having fixed the exponential gluing profile (f and the in- 
creasing sequence {5m)mmo of real numbers satisfying < 6m. < 27r, the set 
E admits in a natural way the structure of a strong bundle over the M-polyfold 
V xX. 

Proof. In order to prove the theorem we have to define strong bundle charts. 
We first construct charts on E\V (B X . To do so, we fix a smooth point 
{vo, ao, bo, Wo) G ^ x X so that wo ■ Za^ — )■ Z^^ is a smooth diffeomor- 
phism preserving the marked points. We recall that a chart of X around 
{vo,ao,bo,wo) X X has been previously constructed by the map 

(a, b, h) H-> (a, b, o {wo + h) o 0„) 

for {a,b) close to (ao,&o) and h G H^{ZaQ,M?) satisfying h{p^^J = (0,0) 
and hi[0,t]) G {0} x M and h{[0,t]') G {0} x M. Moreover, the derivative 
< Eq is so small that Wo + h is still a diffeomorphism Za^ — >■ Z^^. 
Then iph o [wo + /i) o 0„ is a diffeomorphism Za ^ Zi,. 

Given now a point {v, a, b, ip}jo{wo + h)o(j)^) xX, there is a one-to-one 
correspondence between complex anti-linear maps 

i{z) : {T^Za,j{a,v)) {T^^o{wo+h)o<j,4'^)Zb,i) 

for z E Za, and elements of the Hilbert space H'^{ZaQ,M.'^) on the fixed cylinder 
ZaQ, defined by the relation 

viM^)) = ■ ^. (68) 

This follows from the complex anti-linearity of C,{z). Recall that (pa maps the 
cylinder Za diffeomorphically onto the cylinder Za^. The chart of E\V (B X 
around the point {vo, ao, bo, Wo) is now defined by the map 

$ : {v, a, b, h, rj) ^ {v, a, b, ipb o {wq + h) o (pa,^) e E\V ® X 

where r] and ^ are related by ( 1^ . If 

$ : {v,a,b,h,rf} t-^ (t^,a,6,^o (wo + h) o ^^,0 
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is a second such chart, then we have in the overlapping region -u = f , a = a, 
and b = b, and hence ipb ° ("U^o + ^) ° 0a = "^b ° ("W^o + ^) ° 0a and ^ = ^ so that 
the formula for the chart transformation is as follows, 

o a, fe, h, rj) = {v, a, b, h, rf) 

where 

and ^ 

r]{z) = r]{(j)a o (Pa\z)) 

for all z G Z^q. 

Recalling from Section [L4l the definition of an sc<]-smooth bundle map, we 
see from the above formulae that the chart transformation is an sc<]-smooth 
bundle map, in view of our results about the action by diffeomorphisms 
(Theorem 12. 6p . 

We need to define strong bundle charts also for E V x X. To do so 
we first construct the local models for the bundle charts. 

We take the collection K' of all tuples {v, a, , h~ ,ri~^ ,7]') in which v & V 
and \a\ < e, moreover, {h+, h') G Eq andr/=^ G H^^^°{M.^xS^ = F. They 
satisfy the relation 

h') = h') and 7f„(?7+, r/") = (?7+, r]~). 

The projection pa : Eq Eq has been introduced in Section 13.11 and the 
projection tt^ : F — )■ F in Section 11.31 The Hilbert space F is equipped with 
the sc-smooth structure (F^) defined by F^ = if2+"i,<5m (]^± ^ 5-1^1^2^. 

By O' we denote the collection of all tuples {v, a, h~^,h~) satisfying v ^ V, 
\a\ < e, and Pa{h'^ , h~) = {h~^, h~). The natural projection 

K' — O', (f , a, /i"*", h~ ,ri~^, r]') {v, a, h'^, h~) 

defines a local model for a strong bundle. Indeed, if we define the map 

R:{V ®B,®Eo)<F ^{V ®B,®Ea)<F 

as 

R{v, a, /i"), (?7+, 77-)) = {v, a, Pa(/i+, h~),9a{v^, r]')), 
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then the map R is an sc<]-smooth strong bundle retraction satisfying 

K' = R{{V ® B, ® Eo) < F) 

in view of Theorem II . 271 and Theorem 11.291 Moreover, the map R covers the 
retraction map r : V ® B^® Eq V ® ® Eq defined by r{v, a, h~)) = 
(f , a, paih^ , h~)) whose image is the set 

O' = r{V ®B,®Eo). 

We next use these local models to define an atlas of charts of the bundle 
E xX. 

Recall that E is the collection of tuples {v,a,b,w,C,) in which for ab ^ 
the map w : Za ^ Zi, is a. diffeomorphism and ^{z) : (T^Za, j{a,v)) — )■ 
{T^(^z)Zb,i) a complex anti-linear map defined for every z G Za- If a = and 
hence 6 = 0, the point in E is defined as 

(i;,0,0, (n+,n-),(e+,r)) 

where : x 5^ — )■ x are two diffeomorphisms of the half cylin- 
ders satisfying u±(0,0) = (0,0). Moreover, : (T^(M^ x S^),j^{v)) 
(T„±(^)(M^ X S^),i) are complex anti-linear maps defined for every z G 
M± X S\ _ 

In order to define strong bundle charts for E ^ V x X we start with the 
chart maps \l/ : O — >■ © X defined by 

, a, h~) = {v, a, 6(a, Uq + , Uq + h~), Sa{uQ + h'^, Uq + /i")), 

around a base pair (mq ,Mq ), if a 7^ 0, and by 

-^{v, 0, h") = {v, 0, 0, + Uq + h~) 

if a = 0. The domain of definition of the map \1/ is the set 

O = 

{{v, a, h~^, h~)\ Pa{h^, h^) = {h~^, h~), v & V, \a\ < (Tq, and {h^, h^) G f/} 

where U C -Eq is an open neighborhood of (0, 0) G Eq. Now we observe that 
O C O' is an open subset and define K (Z K' a,s the subset of K' lying above 
O. We shall show that A' — j- O is a local model for the bundle E ^ V ® X . 
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We define the bundle chart T : K ^ E which covers the chart \1/ oiV(BX 
by the following map. If a 7^ 0, we set 

r(w, a, h-, r/+, r]~) = {^{v, a, /i"), 

= {v, a, b{a, + + /?,"), ffla(^id + ^0 + ^~)' 

where (/i"*", /i^) G -Eq satisfies Pa{h~^, h~) = h~) and (77"^, r/") G F satisfies 
TT a{Ti^ 1 Ti~) = {ri~^,ri~). Moreover, abbreviating the diffeomorphism Wa = 
ffla(^o + ^0 + • Zh, the fiber part ^ is the complex anti-linear 

map 

^(2;) : {T;,Za,j{v,a)) (T^{^),i) 

defined by 

d 

We recall that r/") (s, t) = /3a{s) ■ r]+{s, t) + {l- f3a{s)) ■r]~{s - R,t-i^) 

for (s,t) e [0,R]xS\ and t) = -(1 - /^.(s)) ■ r/+(s, t) + • 

r]-{s-R,t-^) for G M x S^. 

If a = 0, the map F : — )■ is defined as 

T{v, 0, /i-, r/+, r/-) = 0, < + + h~), D) 

= (i;,0,0,n+ + /i+,Uo +/i";(e+,r)) 
where the complex anti-linear maps 

are defined as 

for all z = (s, t) G M"^ xS^. It is easy to see that these charts are sc<]-smoothly 
equivalent. Namely, abbreviating two chart maps by T{v, a, h'^, r;"*", 77") = 
{'^{v, a, h~^, h~),^) and T(v,a, h~^, h", rj^ , rj~) = a, h'^, h~),^) the chart 
transformation is given by 

o T{v, a, h~, 7]^, ?7") = o ^(w, a, h^, /i"), ?7+, r]~), 
if a 7^ 0, and by 

f-^ o r(w, 0, /i", ?7+, ?7") = (t;, 0, (u+ - n+) + (ug - ) + /i", ?7+, 77"), 
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if a = 0. From the previous considerations we know that o \1/ is an sc- 
smooth diffeomorphism. In the fibers the transformation is the identity. In- 
deed, at a point of intersection we have = It follows that (Ba{,V~^y = 
(Baiv'^ ,V~){z) for all z G Za- Since, by definition, Qa{v~^yV~) = 
Qa(jj~^,V~) = 0, we conclude from the uniqueness of the solutions of the 
system of two equations that t]'^ = rj^ and ri~ =rj~. 

We have proved that F"^ o F is an sc<|-bundle isomorphism between the 
local models of a strong bundle. 

It remains to prove that the chart maps F and $ are scA-smoothly equiv- 
alent. We assume that we are given two chart maps into E. The first one 
is 

a, b, h, rj) = {v, a, b, ipi, o [wq + h) o cj)^^ ^), 

defined for {v,a,b) close to (woiCtOj^o) and rj and ^ are related via = 
ri{ipa{z))- The second chart map is 

F(?J,a, h'^,h~,r]^,r]~) = {v,a,b(a,UQ+h'^,UQ+h~),Sa{uQ+h~^,UQ+h~),^) 

defined for (y,a) close to (vo,ao) and where ^{z) : T^Za — )■ T.u^(z)Zy is a 
complex anti-linear map uniquely defined by 

~ 9 - 

Here w = ffls('Uo + h~^, Uq + h~), b' = b(a, Uq + /i"*", Mq + h~), and z = (s, t). 
From ^{v,a,b,h,ri) = r{v,a, , h~ ,ri~^ ,ri~) one concludes that a = a and 
b = b(d, Uq + h~^, Uq + h~) and, moreover, 

tpb o {wq + h)o(j)^ = ffl„(n^ + Uq + h~) (69) 

and 

e = e (70) 

The first equation can be solved for h as map of (a, /i"*", h~) resulting in 

h = V'j"^ O ffl„(M([ + + /l") O (p-^^ - Wq 

where b = b{a,UQ + h'^,UQ + h~). From the second equation ,^ = ,^ we 
conclude that 77(0^(2;)) = ®a{v^ ,V~){^) where z = [s,t] G Za- Consequently, 
the transition map o F has the following form 

o T{v, a, h^, h~ ,r]~^, rj~) = {v, a, b, h, rj) 
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where 

b = b{a, Uq + , Uq + h~) 

h = 1p~^ O Sa{uQ + h^, + h~) o - Wo 

= ©a(^+,r)(0;'(^)), ZeZa,. 

For the transition map F o <|>~^ we obtain 

F^"*^ o <|)(t), a, b, h, rf) = (f , a, h~^, h~, r]^, ri~) 

where the pair {h'^,h~) is obtained by solving (!69|) for {h'^,h~) in terms 
of {a,h). The formulae for /i''^ are given in the proof of Proposition 3.10. 
Namely, 

h+ = g+ and = q' + {h^ - /i+ ) 

where 

Q^{s,t) = [9] + ^y{g{s,t)-[g]) 
q-{s-R,t-^) = [g] + l^M) . (^(,, t) - [g]) 

and 

g = i^b O {Wq + h) O (j)^ - Wa, Wa = Sa{uQ,UQ). 

The pair [ri^,rj~) is obtained by solving the system 

ea{v^,r]~) = 0. 

We have used that 7fa(?7+,?7~) = {ri~^,ri~) is equivalent to Qa{v~^iV~) = 0- 
Solving the above system leads to the formulae 

r/+(.,t) = Mfl.^o0,(s,t), .>0 

la{s) 

ri^{s-R,t-'d) = . ^ o - i?, t - s<R. 

la{s) 

From the formulae for o F and F~^ o $ we conclude, using Theorem 
12.61 Proposition 12.81 and the Lemmta 12.181127211 arguing as in the proof 
of Proposition 13.231 that the chart transformations are sc<]-smooth bundle 
isomorphisms. 

Consequently, the bundle E V (B X admits the structure of a strong 
bundle over the M-polyfold VQ)X and the proof of Theorem [L44] is complete. 
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3.4 The Cauchy-Riemann Operator 

We define the Cauchy-Riemann section d of the M-polyfold bundle E 
y X X by 

d{v, a, 6, w) = {v, a, b, w; dij(^a,v)w) 

if ab 7^ 0. Here w : Za ^ Zf, is a diffeomorphism, and the complex anti-linear 

map dij(^a,v)w{z) : (T^Za, j{a,v)) {Tu,(z)Zb,i) is defined by 

di,j{a,v)w{z) := ^[Tw + io (Tw) o j{a,v)]{z), z G Za- 
If a = and hence 6 = 0, the section d is defined by 

Our aim is to prove that the section 9 is a polyfold Fredholm section. 

Proposition 3.26. The Cauchy-Riemann section d is sc-smooth and regu- 
larizing. 

Proof. In order to verify the regularizing property we assume that 

'd{v,a,b,w) e Em,m+1- 

It then follows from elhptic regularity theory that w G HJ^^^. Hence, if 
a 7^ we conclude that (f , a, b, w) G X^+i- Considering now the case a = 
in which case also 6 = 0, we have u = {u~^, u~) with the two diffeomorphisms 
of M+ X of the form u^{s,t) = {s,t) (c?o ,^^0) + r^{s,t), where, 
by the assumption G ij3+™'^™(M± x ^SM^). On M+ x S^, the complex 
structure is equal to j{a,v){s,t) = z if s > sq and hence we conclude from 
the assumption, that 

dsr+ + idtr+ G iJ^^+^'^-^+i ([sq, 00) x S\R'^). 

Now we recall that the weights 6^ have been chosen in the open interval 
(0, 27r). Since the asymptotic structure of the differential equation is -^u = 
Au, with the self-adjoint operator A = —i-^ in the Hilbert space L'^{S^) 
having the spectrum 27rZ, we therefore conclude by the standard arguments 
going back to Lockhardt and McOwen [TJ] that r+ G H^~^'^'^"^+^{[so, 00) x 
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By the same arguments, r E iir^+"^'^™+i((— oo, —Sq] x S'^jIR^) and hence 

In order to verify that the section d is sc-smooth, we have to study its 
coordinate representation. We recall the strong bundle chart T : K ^ E, 

T{v,a,h'^,h~,r]^,r]~) = {v, a,b{a,u^ + + h~),Sa{u^ + h~^ ,Uq +h~);^) 

where, abbreviating the diffeomorphism Wa = ^aiu^ + h'^ ,Uq + h~) : — )• 
Zb, the complex anti-linear map ^{z) : (T^Za, j{a, v)) — )■ {Tw^(^z)Zb,i) is de- 
fined by ^{z) = ®a{r]^, V~){z) for z e Za- _ 

Consequently, the Cauchy-Riemann section d is, in these local coordi- 
nates, represented by the map 

{v, a, h'^, h~) f-j- (t>, a, , h~; r]^, r]~), 

where {'r]^,ri~) is the unique solution of the system 

®a{V^,V~) = {di,j(a,v)Wa) ^ 

ea{r]~^,r]~) = 0. 
The solution r/"*" is equal to 

77+(s,t) = — {dij(^a,v)w) 
la 

where, as usual, we abbreviate (3a = (3a{s) = /3 (s — -f ) and 7^ = /3^-|-(l— 
Recalling that u^{s, t) = (s, t) + (rfg , -d^) +r^and representing h"^ = h^ + r^ 
where and rf belong to iJ^''^o(M^ x S^M^), the map Wa = ffla(^o + 
h^, Uq + h^) : Za ^ Zb is equal to 

Wa{s,t) = (s,t) + (4,^9+) + /i+ 

+ (3a ■ r+(s, t) + (1 - (3a) ■ r"(s - i?, t - 1^). 

for < s < i?, where := r^ + rf. Observing that on Za, in the coordiates 
s > 0, the complex structure is equal to j{a,v){s,t) = j~^{v) while in the 
coordinates s' < we have j{a, v){s', t') = j~{v), one obtains for the solution 
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for (s,t) G M+ X S\ 



V 



,+ 




+ ^[r+{s, t)-r~{s-R,t- ^9)]. 
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A similar formula holds for ri~{s',t') on M~ x S^. Recalling that the 
complex structure j~^{v) is equal to the standard complex structure i for 
s > So, we see that (<9jj+(^) id) (^) {s,t) = for s > Sq. Recall that = 1 

if s < f - 1. If \a\ is so small that Sq < f - 1, then for all (s, t) G R+ x 5^ 
the function 



has a compact support, hence belongs to H'^'^"{M.~^ x 5*^,1^^) and is inde- 
pendent of a. Hence as a function of a into H'^'^°(M.^ x 5*^,1^^), the map 
is constant. Applying the chain rule, Proposition 12.81 and the fact that the 
operators ds,dt : H^'^'^ — )■ H^'^o g^j-e sc-linear, one concludes that the remain- 
ing terms in the formula for r/"*" define maps which depend sc-smoothly on 
{v,a,h'^,h~). Consequently, the maps {v,a,h^,h~) r]'^{v,a,h'^,h~) are 
sc-smooth and we have proved that the section d is sc-smooth. ■ 

In the next step we shall prove that 9 is a polyfold Fredholm section. By 
definition this means that around every smooth point [v, {a,b,w)) G V (B X 
the Cauchy-Riemann operator has a germ which can be brought into a 'nice' 
form by a suitable coordinate change. 

We consider two cases. The easy case concerns points in X where an open 
neighborhood is sc-diffeomorphic to an open subset of an sc-Hilbert space. 
The interesting case concerns points in X \ X whose local description is that 
of a nontrivial retract. Here the concept of a filler will play a decisive role. 

The following lemma takes care of the easy case. 
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Lemma 3.27. Around a smooth point {v,x) &V x X the germ (9, of 
the Cauchy-Riemann section is an sc-Fredholm germ (in the sense of Section 

Proof. We choose the smooth point {vq, oq, bo, Wq) E V x X. Then wq : 
Zao is a diffeomorphism preserving the distinguished points at the 

boundaries. Around this point we choose a chart of x X as in Theorem 
13.251 by means of the map 

$(t;, a, 6, h) = {v, a, b, ipb ° {wo + h) o cj)^) 

where {v, a, b) belongs to an open neighborhood of the origin in ^ x C x C and 
where h belongs to the subspace if^(Zap,]R^) of H'^{Zag,M.^), which consists 
of all h satisfying h{p^) = (0, 0), h{[0, t]) e {0} x M, and h{[0, t]') e {0} x M. 
Recalling the diffeomorphisms 

iJb : Zb„ Zb 

the Cauchy-Riemann operator takes the form 

{v, a, b, h) ^ dij(a,v)iipb o {wo + h) o 

On the cylinder Zb^ we introduce the parameter depending complex structure 
k{b), defined by 

k{b) := iTiJbr'oto{TiJb), 
and on the cylinder the complex structure 

j{a,v) := {T(j)a) oj{a,v) o (T</)a)"\ 

so that the Cauchy-Riemann operator can be written as 

oT(j)a. 



{v, a, b, h) h-). TilJb o ^- T{wq + h) + k{b) o T{wo + h) o j(a, v) 

Now we can introduce the obvious strong bundle coordinates in which the 
local expression of the Cauchy-Riemann section is as follows, 

[v, a, b,h)^]^ [T{wo + h) + k{b) o T{wo + h) o j (a, v)] ■ (^^^ . (71) 
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As usual we identify the tangent spaces at points of the cyhnder Z^q, as real 
vector spaces, with M^. Hence the above section associates with (f , a, b, h) a 
function in H'^{Zao,M.'^). 

In order to verify the Fredholm property of the Cauchy-Riemann section 
one needs to show near the smooth point (wq, ao, bo, wq) the contraction germ 
property. This requires to study the map flTT]) for small data (a, b, h). 

Observing that for /z = the right hand side of ( I7ip is an sc-smooth map, 
we define the sc"'"-section s of the strong local bundle by its principal part 

s{v,a,b, h) = ^[Two + k{b) oTwqo j{a,v)] ■ 

Here again we identify the tangent fibers of of the tangent bundle TZ^^ of 
the cylinder with M^. Denoting the Cauchy-Riemann section by / we now 
study the section f — s whose principal part is given by 

(/ - s){v, a, 6, h) = ^-[T{h) + k{b) o T{h) o j(a, v)] ■ (J-^ . (72) 

We shall abbreviate the parameters by A = {v, a, b). They vary in the finite 
dimensional vector space A := x C x C near its origin. Moreover, we 
abbreviate the sc-spaces E = M^) and F = H'^{Zao,M.'^) with the 

sc-structures Em = H^+"'^^'^{Za^,R'^) and Fm = m^) and denote 

the right hand side of (172!) by Tx{h). Then Tx : E ^ F is a. family of 
bounded linear operators which are Fredholm operators Em — > Fm for all m 
and depend in their operator norms smoothly on the parameters for all levels 
m. Setting A = Aq = (fo, ^o? ^o); the sc- Fredholm operator Tx^ = Tq : E F 
defines the sc-splitings E = Y (B K where K is the kernel of Tq and F = 
R{To) © C with the range -R(To) and the cokernel C of Tq. Let 

P:F = R{To) © C ^ R{To) 

be the projection map and choose a linear isomorphism : C onto the 

cokernel of Tq. Then the restriction Tq\Y : Y — )■ R{Tq) is an sc-isomorphism. 
Moreover, the linear map 

PTo + : r © ^ F, 

defined by 

(PTo + </.)(y + r)=PTo(2/) + 0(r) 
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is an sc-isomorphism. Introducing the sc-bundle isomorphism 

<I>:{A®E)<F^{A®K®Y)<(Y®R^), 

defined by $(A, k + yj) = (A, k, y; {PTq + 0)" V) (for small (A, k + y)) and 
denoting by g{X,6h) = T\{5h) the principal part of the Cauchy-Riemann 
section, we obtain for the push-forward section 

the expression (A, k, y) = {PTq + (j))^^T\{k + y). With the projection 

Q : y © ^ r, 

the sc-smooth germ {\,k,y) H- Q^^{g){\, k,y) satisfies, by construction 
(5$*(5')(0, 0,y) = y and hence is of the form 

Q<^,{g){\,k,y) = y - B{\,k,y) 

where B satisfies 5(0, 0,y) = and \B{\, k, y) — B{\, k, y')\m < ^ ■ |y — y'\m 
for every m > and every e > if only (A, k) is sufficiently small (depending 
on e and m). 

Having found coordinates in which the Cauchy-Riemann section near 
smooth points possesses the contraction germ property, the proof of Lemma 
13.271 is complete. 

■ 

Next we turn to the more interesting case and fix in x [X \ X) the 
smooth point (t'o,0,0, (mq ,Mq )). We are going to construct a filler for the 
Cauchy-Riemann section d near this point. The construction is based on the 
Cauchy-Riemann operator 

do : H^'''>{Ca,R') ^ H^''''{Ca,R') 

defined by 

= i + 4«) (s, t) = iiT^ + , o o t) (I) 

where we have used the coordinates (s, t) G M x 5*^ for the glued infinite cylin- 
der Cai which is equipped with the standard complex structure i. We recall 
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that the Hilbert space H^'^°{Ca, M^) consists of all maps u in Hf^^iCa, M^) for 
which there exists a constant c G having the property that m(s, t) — c has 
weak partial derivatives up to order 3 which, if weighted by e''°'*' belong to 
the space -Z^^([0, oo) x S^) and t)+c has the same properties with respect 
to L^((— oo, 0] X S^). Consequently, u converges at ±cxd exponentially fast to 
the antipodal points c and — c. We equip if^'''°(Ca, M^) with the sc-structure 
for which the level m corresponds to the Sobolev regularity (m + 3, 5^) and 
the sc-Hilbert space H^'^°{Ca, M^) with the sc-structure for which the level m 
corresponds to the regularity (2 + m, 6m)- The norms are defined in Section 

EH 

Lemma 3.28. The operator do is an sc-isomorphism. 

Identifying the cylinder with the Riemann sphere with two antipodal 
points removed, the lemma follows from the results about the Cauchy- Riemann 
operator acting on maps on the Riemann sphere and discussed for example 
in [H], and from the asymptotic study of the operator near the ends. 

In order to introduce a filler for the Cauchy-Riemann section d we first 
recall the local model for the strong M-polyfold bundle and start with the 
bundle 

{V®B,®Eo)<F ^V®Be®Eo 

where F is the sc-Hilbert space consisting of pairs (r/"*",?]") of functions in 
H'^'^'>{R+ X S^,R^) © if2,5of]^- X S\R'^) equipped, as usual, with the sc- 
structure Fm = H^+^'^-^(R+ X R2) © /72+m,,5„(^- ^ S^R"^). 

The retraction R : {V ® B, ® Eo) < F ^ {V ® B, ® Eq) < F is defined by 

R{v, a, /i"), (?7+, ?7~)) = {v, a, Pa(/i^, h~),TTa{v^, 

and covers the retraction r : V (B B^ (B Eq ^ V (B B^ (B Eq, defined by 

r{v, a, h~)) = {v, a, pa{h^, h~)). 

With the retracts K := R{{V ® B, ® Eq) < F) &nd O = r{V ® B, ® Eq) we 
obtain the local model 

K 

of the strong M-polyfold bundle. In these local coordinates the Cauchy- 
Riemann section d : O ^ K near the point {v,a,h^,h~) = (wq, 0,0,0) 
becomes 

d{v, a, h^, h~) = {v, a, h^, h~; rj'^, rj~) 
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where {ri^,ri ) is a solution of 

in the case a 7^ 0, where w = Sa{uQ + h~^,UQ + h~) : Za ^ Zj, is a, diffeo- 
morphism and b = b{a, Uq + h~^, Uq + h~). If a = 0, then 

d{v,0,h+,h-) = 

(w,0,/i+,/i";9ij+(„)(n+ + h'^),dij-(^i,){uQ + h'). 

A filler for d is an extension of the local section d : O ^ K to a. section 

g:V®Be®Eo-^iV®Be®Eo)<F 

of the original bundle which is a section defined on an open set in an sc- 
Hilbert space. It is defined as follows. If a = 0, we set g{v,0, h'^ , h~) = 
d{v, 0, h~^, h~). If a 7^ 0, we define the section 

g{v, a, h~) = (w, a, h~; 77+, 77") 

the following way. We take {h^,h^) G Eq and construct the associated 
diffeomorphism ffla(n|| + ,Uq + h^) : Za — t- Zf, between the glued cylinders 
where b = b{a,UQ + h^,UQ + h~). In addition, we define the function C, G 
H^/°iCa,R') by 

In view of Theorem ll.29[ we have the sc-isomorphism 

and define the principal part of the section g as the unique solution of the 
two equations 

©a(r/+,r/~) = ■ 
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Lemma 3.29. The above section g whose principal part is given by 



{v,0,h+,h ) ^ {r]+,r] ), 

and which is defined on an open neighborhood of {vq, 0, (0, 0)) m V" © C © Eq 
and has its image in F, is a filled version of the local Cauchy-Riemann section 
d : O -¥ K near the point {vq, 0, 0, m^, Uq) eV y. {X\X). 

Proof. As in Proposition 13.261 one sees that the section is sc-smooth. Re- 
calhng Definition 11.351 of a filler in Section II. 4[ we have to verify the three 
defining properties. 

If we restrict g to the sc-smooth retract O, then, in view of Lemma [3.3[ 
it follows from paiji^ ,h~) = {h~^,h~) that 

e = ©,(/i+ - , h- - h^) = Qaih^, h~ + ht,- h^) = 0, 

and therefore Qa{v~^^V~) = so that {v,a,h~^,h~;ri~^,ri~) E K. Conse- 
quently, g\0 is a section of the bundle K ^ O. By construction, it is the 
local coordinate representation of the Cauchy-Riemann section d : O ^ K 
near the originally given point. This proves the property (1) of the require- 
ments to be a filled version. 

In order to verify property (2) of a filler, we assume that 

g[y) = (j){r{y)) ■ g{y) 

for a point y = {v, a, h^, h~) G V ® B^® Eq close to {vq, 0, 0, 0). We conclude 
that 

and hence Qaiv~^^V^) = 0- Since do is an isomorphism in view of Lemma 
I3.28[ we obtain ©a(/i+ — /i+ , h~ — h'^) = ©^(/i"^, h~ + h^ — h'^) = so that by 
Lemma [373] again. pa{h'^,h~) = {h'^,h^) and consequently, {v,a,h~^,h~) G 
O. We have verified that the section g satisfies property (2) of a filler. 

Finally, the third property of a filler is easily verified. At the point yo = 
(fo, 0, (0, 0)) G © C © Eq, the derivative of the retraction Dr{yo) = id is 
the identity map so that kernel Drijjo) = {0}. Since 4>{yo) = ttq = id we 
also have that kernel (^{yo) = {0}. Consequently, the linearization of the 
map y (-)■ [id— 0(r(y))] ■ g{y) at the point yo restricted to ker_Dr(?/o) defines 
trivially an isomorphism ker Dr{yo) — ker (f){yo) = {0}. The proof of Lemma 
13.291 is complete. ■ 
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We are going to verify the Fredholm property of the section g near the 
smooth point (fo, 0, 0, Mq , Mq ) eV x Xoo, where 

u^{s,t) = {s,t) + {d^,i^^)+r^{s,t) 

are diffeomorphisms of the half-cyhnders x and M~ x 5^ which satisfy 



m>0 



H 



3+m,5„ 



(M± X S\ 



For this purpose we introduce, in our local coordinates near the above 
distinguished point, the sc"'"-section 

go{v, a, h~) = g{v, a, 0, 0) G 

for {v, a, h~) near {vq, 0, 0, 0). 

Lemma 3.30. There exists r G (0, |) which depends only on the size of 
the support of j'^{v) defined by the parameter Sq > for which j~^{v) = i 
on [sq, oo) X for v E V , and j^iy) = i on (— oo, —Sq] x S^, so that the 
following holds. If < \a\ < r, then the principal part {v,a,h~^,h~) 
[g — go){v,a,h~^,h~) E F of the sc-smooth section g — go is given by the 
formula, 



■\[Th+ + ioTh+oj+(v)] (!)■ 
\[Th- + zoTh+or{v)] (f). 



7a 



/3a /3a -1 
l-/3a /3a 



h+-h- 
h+ + h~ - 



hi 



h: 



2aVa{h'^, h~ 



where, as usual, 13a = Pais) = (3{s — -|) and /i+ = and h~ = h^{s — 

R,t — and < s < R. Moreover, /3^ stands for the derivative of the 
function {Ha- 
lf a = 0, then the principal part [v, 0, h~^, h^) i— )■ {g — go){v, 0, /i"*", h~) G F 
of the sc-smooth section g — go is given by the formula, 

■l[T/i+ + ^or/.+ oj + (^;)](£)- 

MTh- + ^oTh+or{v)]{§;)_ 

Proof. In the following proof we use the abbreviated notations 



dyW == dw : = 2 [^""^ + i o Tw o j(a, v)] 

- 1 f d 

OqW := -[Tw + i o Tw oi] [ — 
2 \ds 
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for the Cauchy-Riemann operators. Recalhng that the section g has the 
principal part {ri^,rj~) G F defined by the equations 



d{w) 



w 



h- 



: Za — 7- Zh, 



the principal part of the sc"'"-section gQ^a, v , , h ) = {1]^, ijq ) is determined 
by the equations 

®a{Vo^Vo) = d{wo) 

Wo = ffla(Mo ,Mo ). 

Note that (1^0,%) is a function of {a,v) which we suppress in the notation. 
Also d is depending on {a,v). Observing that w — wq = Sa{uQ + h~^,UQ + 
h~) — ffla(MQ,UQ) = (Ba{h~^,h~ + h'^ — h^) and recalling the definitions of 



0a and 0a and ©a = ©a, we see that the principal part (77" 
of the section g — go is characterized by the equations 



Vo 



®aidh+,dh-) 
ea{doh+,doh- 

h+-h--ht^ + h^ ■ 
h+ + h- - 2aVa(/i+,/i~) 



In view of the definition of (3a and j{a,v) we conclude that 
and hence obtain 





-Tit 




dh+' 


.^0" 






dh-_ 



+ 



la 



(3a (3a -I 
I -(3a (3a 



+ h~ - 2ava(/i+, h- 



(73) 



Since j{a, v) = j^{v) on M."^ x S^, the lemma is proved. 
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Let us define L{a,v) by (17^ via 

{a,v,h~^,h~) L{a,v){h^,h^) := {g - go){a,v,h'^,h~). (74) 

In view of the above lemma, the section g — gQ : V (B (B Eq ^ F is given 
by a family L{X) : Eq ^ F oi linear operators (not continuous as a family of 
operators on any level) parametrized by A = (t;, a) and of the form 

L{\) = D, + A„ 

where Dy : Eq ^ F is the Cauchy-Riemann operator. From the formulae in 
the above lemma, we see that at a = we have Ao{h'^,h~) = and that 
the map (a, h~^,h~) t-?- Aa{h~^, h~) is the sc-smooth in view of the Lemmata 
12. 18112.221 Hence we have to study for data {X,h~^,h~) near (Ao,0,0) the 
sc-smooth map 

(A,/i+,/i-) ^L(A)(/i+,/i-). (75) 
For the later discussion we note the following formula 

{®a,Qa){L{a,v){h'-,h-)) 

= m®a{h^-hto)),do{ea{h+-ht,,h--h^))) 

which follows immediately from the proof of the previous lemma. 

Remark 3.31. The Cauchy-Riemann operator is a classical Fredholm 
operator between {Eq)^ and Fm for every m > 0. One verifies readily that 

is bijective. Indeed , this follows from the classical fact that the standard 
Cauchy-Riemann operator acting on C- valued functions on the disk with real 
boundary conditions is surjective with a 1-dimensional kernel. Then in view 
of the boundary conditions of the functions in the domain Eq^ the kernel of 

is equal to {0} and hence Dy is an isomorphism. The linear operator Aa 
is compact and hence the operators L{X) are all Fredholm operators of index 
0. 

Proposition 3.32. We consider the sc-smooth map (A, , h~) i-> L{X){h^, h~) 
defined in f l75|) in a neighborhood of the parameter value Aq = {vq, ao) = 
(^0,0). There exists a constant a > so that the following holds. 

(1) If \ = {v,a) satisfies |A — Ao| < c, then the linear operator L{X) : Eq — )■ 
F is an sc-isomorphism. 
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(2) For every m > there exists a constant Cm independent of A so that 
the norm of the inverse operator 

m 

is bounded by Cm. for every |A — Ao| < o". 

We postpone the proof of this nontrivial proposition to the appendix and 
use it in order to verify that the section g — qq is a Fredholm germ. Let 
-Bo-(Ao) be the open ball in ^ © C centered at Aq = {vo,0) of radius a. In 
view of Proposition [3321 the map -^^(Ao) ® Eq {V ® C) ® F, defined by, 

(A,(/i+,/i"))h^(A,L(A)(/i+,/i")), 

satisfies the assumptions of Proposition 14.81 in the appendix, from which we 
conclude that the inverse map B^{Xq) © F — )■ _Bo-(Ao) © Eq, 

is sc-smooth. This allows to introduce the local strong bundle coordinate 
change 

$ : (5.(Ao) (BU)<F^ (5.(Ao) ® U) < Eq, 

defined by 

(A, /!-), r)) ^ (A, {h+, h~), Lixr\e, D). 

Since the map (A,^+,^~) h-t- L{X)~^ {^~^ , between B^iXo) © F and Eq is 
sc-smooth, it is also sc-smooth as a map between B„{Xo) © F^ and E^, in 
view of Proposition 12.21 Therefore, the map $ is sc^-smooth. 

Now we consider the push- forward section ^^{g — go). By construction, 
its principal part is the map ^*{g — go) '■ {B„ © f/) — )■ Eo, given by 

{X,{h+,h~)) ^ {h+,h~). 

Obviously, it is an sc°-contraction germ where the contraction term 

B{X,h+,h-) 

vanishes identically. 
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To sum up, we have studied the Cauchy-Riemann section 

/ : (w, a, h~) ^ {v, a, /i^, ?7", t]^) 

in local coordinates near the smooth point {vq, 0, 0, 0) and have constructed 
a filled section g of f. Moreover, we have established an sc^-section go 
satisfying {g — go){v, 0, 0, 0) = and found a bundle isomorphism $ so that 
the push-forward ^*{g — go) is a germ belonging to ^basic- This shows that 
/ is a Fredholm germ at the point [vo, 0, 0, 0). 

The proof that the Cauchy-Riemann section d of the strong polyfold 
bundle E ^ V (B X is a. polyfold Fredholm section is complete. 

3.5 Application of the Sc-Implicit Function Theorem 

We are going to prove Theorems 11.451 and Theorem 11.461 The previous 
sections demonstrated that the Cauchy-Riemann operator 

is an sc- smooth Fredholm section of the strong M-polyfold bundle E ^ V (B 
X. Therefore, the sc-implicit function theorem from [10] can be applied to our 
situation, and it follows that if the smooth point xo = (fo, cio, bo, wo) & V(BX 
is a solution of 

d{vo,ao,bo,wo) = 

and if the linearized map at this point is surjective, then the solution set 
d{x) = nearby is a smooth manifold of the dimension of the kernel of the 
linearized map at the reference solution xq. 
We now consider the distinguished solution 

9(1^0,0, 0,n+,no) = 

at a = where 

4:(M±x^i,j±(t;o))^(M±x5\z) 

are the unique biholomorphic mappings of the half-cylinders which fix the 
boundary points (0,0) G 9(R''^ x S^). These biholomorphic mappings are 
guaranteed by the uniformization theorem. Indeed, the maps z = e^'^^'^"'"**) 
and z = e~^'^(^+**) are diffeomorphisms between the half-cylinders x 5"^ 
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and the closed unit disc D \ {0} with the origin removed. Now there is a 
unique biholomorphic map {D,j) {D, i) leaving a boundary point and the 
origin fixed. By assumption on the complex structures j^(i;o), the induced 
complex structure j in D agrees in an open neighborhood of the origin with 
the standard structure i. Therefore, since /i(0) = and hence h{z) = az + - ■ ■ 
near the origin, the corresponding maps of the half-cylinders are of the form 

where the maps : x — )■ decay with all their derivatives to at 
every rate bounded by Ce"^'**' for every < e < 2it. 

Around the distinguished point po = (f o, 0, 0, Uq, Mq ) GV©Xata = 
we take our chart \& of the M-polyfold, 

"^{v, a, h'^, h~) = {v, a, b{a, Uq + /i"*", Uq + /i^), ffla(wd + + h~)) 

where pa{h^, h~) = h~), and take the associated bundle chart. In these 
local coordinates, the principal part of the Cauchy-Riemann section d is 
expressed by the map 

f{v,a,h+,h~) = {r]+,r]~)eF 

where 

In Lemma [3.301 we have computed the linearization D{g — go){po) where g is 
the filled section of /. It is a surjective Fredholm operator. The partial lin- 
earizations with respect to the variables (/i"'", h~), denoted by D2{g — go)iPo), 
is an sc-isomorphims from E onto F. The same holds true for the lineariza- 
tion Dg{po). In view of the definition of the filler in section [L4l one concludes 
that the linearization Df{pQ) of the section / is a surjective Fredholm oper- 
ator and D2f{po) an sc-isomorphism. 

From the sc-implicit function theorem. Theorem 4.6 in [10], we therefore 
conclude that there exists a unique sc-smooth map defined near {vo,0), 

a{v, a) = {v, a, h'^{v, a), h~{v, a)) 

satisfying a{vo,0) = (fo, 0,0,0) and 

f{v, a, h~^{v, a), h~{v, a)) = 0. 
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This means for the section d on the M-polyfold V (B X, that 

9($o(T(f,a)) = 

for the solutions near the reference solution. Moreover, these are all the 
solutions of the Cauchy-Riemann equations near {vo,0,0,Uq ,Uq 
This completes the proof of Theorem ll.45[ ■ 
Rather than taking a chart around the reference solution pq = [vq, 0, 0, u^, u^) 
we can take a chart around the smooth point (wq, 0, 0, Wq, Wq) nearby so that 
the chart contains the solution pq and satisfies, moreover, 

w^is,t) = (s + 4,t + ?9^) 

for all large |s| > sq. Applying the sc-implicit function theorem to the 
reference solution po we obtain in the new coordinates the sc-smooth map 

a{v, a) = {v, a, h'^{v, a), h~{v, a)) 

near {vq, 0) and the associated biholomorphic maps between the finite cylin- 
ders 

{Za,jia,v),p^,P~) iZb(a,v),i,Pt(a,v)^PHa,v)) 

given by 

w{v, a) = Sa{w^ + h^{v, a),WQ + h~{v, a)). 

In view of the uniqueness of the solutions near {vq, 0) we know, in particular, 
that at a = 

It follows for {v, a) close to {vq, 0) that the mappings 

are diffeomorphisms. By definition of the chart, 

pa(h'^{a,v),h~{a,v)) = (h^{a,v),h~{a,v)) 

and hence we derive from the representation formula for pa the following 
asymptotics 

h^(a,v){s,t) = h~^{a,v)oD if ■§ > — + 1 
h~{a,v){s',t') = h~{a,v)oo if s' < -— - 1, 
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from which Theorem 11.461 follows in the case A < 1. 

In order to obtain the general case we proceed as follows. By construction, 

w{a,v) = Saiw^.w^) + h^{a,v) + ®a{r^{a,v),r^ {a,v)). 

We define for \a\ small enough the diffeomorphism 

w{a, : M+ X 5^ ^ M+ X 

by 

w{a,v){s,t) = w^{s,t)+h'^{a,v)+(3 (^s - ^ - A - l^-®a{r^{a,v),r~{a,v)). 

(77) 

Observe that for s G [0, -j + A] if |a| is small enough, 
Therefore, 

w{a,v){s,t) = w{a,v){[s,t]) 
for all s G [0, -| + A]. Finally, we note that 

(a, v) H- w{a, v) 

defines a smooth map into every D'"'^ for all m > 2 and e G (0, 27r). Since in 
our set-up for the implicit function theorem we can take any sequence (Sm) 
as long as it is strictly increasing and stays below 27r, we see that the maps 

(a, v) H- /i^(a, v) 

as maps from an open neighborhood of {0,vq) into iJ™'^(M''= x 5^,^^) are 
smooth. The same is true, for r^{a,v). Now using Proposition 12.81 we see 
that the map 

(a,^0 ^ /3 (■ - ^ - A - ■ ®a{r^{a,v),r^{a,v)){[s,t]). 

is sc-smooth for every choice of the sequence of {6m) as described above. 
Choosing {6m) G {e, 2n) we deduce that the map 

(a, v) I— )■ w{a, v), 

which is defined near (0, vo), is smooth into every space "D"*'^. This completes 
the proof of Theorem 11.461 ■ 
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4 Appendix 



In the appendix we shall prove the sc-smoothness of the shift-map. Moreover, 
we collect informations about the gluing profile and provide proofs of several 
technical results about families of sc-isomorphisms and estimates for the 
Cauchy-Riemann section which are used in our constructions. 



Fixing a strictly increasing sequence (5m)m>o of real numbers starting with 
So = 0, we consider the Hilbert space E = L'^iM.x S^) equipped with the sc- 
structure defined by the sequence = if"'^™ for all m > 0. The shift-map 
^ -.R"^ ® E E is defined as 

$ : {R, ^, u) {R, i9)*u:= u{s + R,t + ^). 

Our first result concerns the sc'^-property of 

Proposition 4.1. The shift-map $ is sc^- continuous. 

Proof. Fix a level m and take u G E^. We estimate the norm \{R,'d) * u|m 
as follows, 



Since the set of smooth compactly supported functions M x 5^ — )■ M is dense 
in H"^{M. X 5*^), it is also dense in E^- We claim that $ is continuous at 
the point ((0,0), mq) G x Em- To see this, first note that if v is smooth 
and compactly supported, then ^{R,'d,v) v in C°° as (-??,"(?) — )■ 0, which 
immediately implies the convergence in the m-norm. 



4.1 The Shift-Map 




Thus 



|(i?,?9)*nU<e^-l^l 



u 



lim \^(R,{},v) - v\ 

(R,i?)^(0,0) 



m 



0. 
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Now, if M G and if w is a compactly supported smooth function, we 
estimate, 

\{R,1^)*U-Uo\m = \iR,1») *iu-v) + {{R,1»)*V-v) + {v-Uo)\m 

< e^'"!'! ■ \u-v\^ + \{R,i9) *v -v\m. + \v - Uo\m 

Given e > 0, we chose v so that \v — UQ\m < £■ Then for all u G Em satisfying 
\u — Uo\m < £ and {R, 'd) close to (0, 0), we have 

\u-v\m<2e, \{R,^) *v - v\m < £, e''"'^ < 9, 

so that the above estimate gives 

\{R,'&)*u- no|,„ < lOe, 

proving the continuity at the point (0, 0, uq) G © E^- Since for fixed 
{Rq, t^o) the map E ^ E defined by u i-> (i?o, 'do)*uis clearly an sc°-operator 
and since 

(R, ^)*u- (i?o, ^o) *uo = {R-Ro,^- ^o) * {{Ro, ^o) * u) - (i?o, ^o) * 

the previous discussion shows that $ is continuous at [Rq, i)o)*Uo G M.'^QEm- 
Consequently, $ is sc° as claimed. ■ 

Having proved that the shift-map is of class sc*^, we show that it is sc- 
smooth. 

Proposition 4.2. If E = L^(]R x S^) is equipped with the sc-structure 
{Em)m.eNo (IS described before, the shift-map $ : © — )■ is sc-smooth. 

Proof. By Proposition 14.11 the map $ is sc*^ and we first show that it is sc^. 
Take a point {R, m) G © -Ei. We want to find a linear bounded operator 

D^R,'d,u) : ©Eo -> ^0 

satisfying points (1) and (2) of Definition 11.81 Our candidate for the lin- 
earization D^{R,i),u) of $ at the point {R,'d,u) is the formal derivative 

* : (M^ © EY ®{R^®E) ^ E 

defined as the map 

^(i?, ^, u){Ri, A,v) = {R, ^) * [Ri ■Us + 'di-ut + v) 
= -d, Ri-Us + 'di-Ut + v). 
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We note that the map \1/ is sc°. Indeed, we already know that the shift-map 
$ is sc° and the two maps ^ E defined by m H- Us,Ut are sc°-operators. 
Also, a scalar multiplication W (B E ^ E sc°. Hence, the map can be 
written as the composition of sc°-maps and, therefore, is sc''. It remains to 
prove the approximation property. To do so we have to show that 

\^{R + Ri,^ + A, u + v)- ^{R, ^, u) - ^{R, ^, Ri-Us + A-ut + v)\o 

\iRi,A,v)\i 

converges to as |(-Ri, 'i^i, f )|i — )> 0. Once this is proved, we will know by our 
earlier discussion that $ is sc^ and its linerization at the point {R, u) G 
R? ® E is given by 

u){Ri, A, v) = ^, Ri-Us + di-ut + v). 

We compute, 

+ Ri,d + di,u + v) - u) - <!>{R, ^, Ri ■ Us + A ■ Ut + v) 

= + Ru^ + A, u) - ^{R, ^, u) - ^, Ri-Us + A- ut) 
+ + Ri,^ + A,v) - ^9, v). 

We first show that 

\^{R + Ru^ + A,u)- ^{R, ^, u) - ^, Ri-Us + A- ut)\o 

\{Ri,A,v)U 

converges to as \{Ri,'^i,v)\i 0. Since the map ■) : E E is an 

isometry on level 0, it suffices to show that 

\^{Ri,'di,u) -u- Ri-Us + '&i-Utlo „ 

t{i?i,^i)|->0 1(^1, ^i)l 

If u is compactly supported smooth function, then we have 
^i, u)—u — Ri • Us + 'di • Ut 

[$(ri?i, T'di, Ri ■ Us + -di ■ Ut) — Ri ■ Us + "di ■ Ut] dr. 

Now if M G -El, then we find a sequence of compactly supported smooth 
functions so that |m„ — u\i 0. The above equality holds for each of the 
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functions Un and letting n — )■ oo we find that it also holds for u. Moreover, 
note that 

\^{tRi, T'di,Ri ■Us + '&i- ut) - Ri ■ Us + '&1 ■ ut\o 

< |i?i||$(ri?i,r^?i)M,) - Us\o + \A\mTRi,Ti?i,Ut) - Ut\o 

and that each summand of the right hand side divided by | {Ri, i^i) \ converges 
uniformly for r G [0, 1] to as \{Ri,^i)\ — )■ 0. Consequently, 

\^{Rl, di,u) - U ~ Ri ■ Us - ■ Ut\Q 

1(^1,^1)1 

^ $(ri?i, r^?i, Ri-Us + '&i- Ut) - Ri ■ Us + i^i ■ Ut 
^ |$(r/2i, r^9i, Ri ■ Us + ■ Ut) - Ri-Us + ^i- Mt|o 



dr 



< 



dr 



and the right hand side converges to as \ {Ri,'di) \ — 0. Next we show that 
mR + Ri,^ + A,v)-^R,^,v)\o 







as \{Ri,^i,v)\i — )■ 0. This is more tricky and relies on the compactnees of 
the inclusion Ei Eq. 

Arguing indirectly we find an e > and a sequence (-R", Vn) — )■ (0, 0, 0) 
in © El satisfying 



\m.n.vn)\i 



> e. 



(78) 



The sequence 



w 



is bounded in Ei and we may assume, using that the inclusion Ei — t- Eq is 
compact, that w'^ ^ w in Eq. By the already established sc°-continuity of $ 
we conclude that 



\{R^l,ri,Vn)\l 

-- ^{R + Rl,d + dl, w"") - <^{R, w"") 
■> ^{R,'d,w) - ^{R,'&,w) = 0, 
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contradicting (1751) . 

At this point we have proved that $ is of class sc^ and its tangent map 



T$(i?, ^, u, Ri, ^i,v) = ^, u), t?, RiUs + ^lUt + v)). (79) 



This will allow us to give an a inductive argument to show that $ is of class 
sc'^. We prove the following statements by induction: 

(Sk). The map $ is of class sc'^ and for every projection vr : T^E — )■ onto 
one of the factors of T^E, the composition tt o T'^$ is a linear combination 
of maps of the form 

A : © © mI"I ^ E^, {R, ^9, u, h) ^ ^,hi- ■ 

with a multi-index a satisfying |a| < m — j. 

We already know that $ is sc^. If vr : TE = E'^QE — i?^ is the projection 
onto the first factor, then, by (179|l . the map vr o T$ is given by 



If TT : TE = E (B E^ E is the projection onto the second factor, then the 
composition vr o T$ is given by 



is given by 



R^®E^^E\ {R,'d),v) ^ <^{{R,^),v). 



© © © E° -> 



which can be written as a sum of the maps of the following types. 



W ®E^ E 



{R,^,v) ^ <!>{R,^,v) 



and 



^1 M ^ 



{R,^,u,h) h-> hD^u), 



where a = ( 



1,0) and a = (0, 1). Hence the assertion (Si) holds. 
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Now assume that we have proved (Sk)- We shall prove (Sk+i)- We first 
show that the map T*-'* : T'^iR^ ® E) T^E is sc^ It suffices to show that 
maps described in (Sk) are all of class sc^. So, we consider the map 

A : ^\a\ _^ ^ ^(^^ i9,hi-...- /ii^i ■ D"u), 

where \<y\ < m — j. 

We observe that this map is a composition of the following maps. The 
ffist one, defined by 

E"" © mI"I © E^, {R, ^9, u, h) ^ {R,^,h- h^aiD'^u) 

is clearly sc°°. The second map is our shift-map 

$ : 0^i ^ Ei. 

By induction hypothesis the shift-map $ : © — j- is sc'^' so that by 
Proposition 12.21 the map $ : © — j- E^ is, in particular, sc^. Applying 
the chain rule, we conclude that the map A is sc^. At this point we know 
that $ is sc'^"'"^ and it remains to show that the iterated tangent map T'^+^$ : 
2^fc+i^]]j2 _i. rpk+ij^ satisfies the remaining statements of (Sk+i). 

We consider the composition 7roT'^+^$ where tt is the projection onto one 
of the factors of T'^^^E. If vr is a projection onto one of the ffist 2^ factors, 
then TroT''"^^^ is a sum of maps obtained from the maps A described in (Sk) 
by raising the index of the domain by 1. If vr is a projection onto one of the 
last 2^ factors, then vr o T^'^^^ is a linear combination of derivatives of maps 
A in (Sk). Hence we have to consider the map 

A : ^"^ (/?, ^9, M, h) ^ <I)(i?, /ii ■ . . . ■ ■ D"m). 

Its derivative after raising the index of the domain is the map 

^2 ^ ^1"! ^2 ^ ^ ^j^ 

defined by 

(i?, M, /i), 5R, 6^, 6u, 5h) ^ $(i?, ^9, M, /ii ■ . . . ■ h^^i ■ D''6u) 

\a\ 

1=1 

+ ^{R,^,u,h^ ■ . . . ■ h^^'^idR ■ dsD^'u + 6^ ■ dtD^'u). 
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This is the sum of maps of the form: 

© E"' © rI"! ^ E^, (c, d, V, h) $(c, d,hi-...- h\^^ ■ D^'v) 
with |«| < TTi — j, and 

(c, d, u, {hi, . . . , . . . h\a\)) — $(c, d,hi ■ . . . ■ 6hi ■ . . . ■ h\a\D°'u) 
with |a| <m — j <m+l — j, and finally 

R2 © © ^ (c, (i, M, (/i, 7)) ^ $(c, rf, /li ■ /1|^|7D'^m), 

where /3 = a + (1, 0) or /3 = a + (0, 1). Then = |a| + 1 < mH- 1 — j and 
we have verified that the map $ satisfies (Sk+i)- The proof of Proposition 
14.21 is complete. ■ 



See Figure 7 for the graph of a gluing profile. In order to construct a 
polyfold structure on our moduli spaces, the gluing profile has to satisfy 
additional properties, which hold true for the special profile ^{x) = — e 
we have chosen. 

Lemma 4.4. We consider the gluing profile 



and define the function B : [0,r) x [—R,R] — )■ M for sufficiently small < 
r < 1 by 



4.2 The Gluing Profile 



Definition 4.3. A gluing profile is a smooth diffeomorphism 



(0,1] ^ [0,00). 



ip{x) = e 




LP ^[lp{x) + c] ifxE{0,r) 
ifx = 0. 



Then B is smooth and satisfies 



D^B{0, c) = 1 and D"5(0, c) = 



for all multi-indices a = (ai, ^2) with ai >2 and a2 > 0. 
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Proof. The inverse of the function = e^^^ — e, defined on the domain 
(0, 1], is the function 

ln[e + y] 

Hence the function B satisfies 

B(x,c) ^ 



ln[eV^ + c] 

for a: > 0. To prove our claim we have to show that 

B{x, c) ^ 0, D^B{x, c) ^ 1 and c) ^ (80) 

as X — )■ uniformly in c, for all n > 2. Writing ^[6^^^ + c] = In [e^^^ ■ (l + c • 
e~^/^)] = — h In [l + c ■ e"""^/^'] , we represent B{x, c) as 

B(x, c) = X ■ r— 77^ = X ■ f(x, c) 

^ ' ' l + a;ln[l + c-e-i/^] ^ ^ 

where ^ 



l + xln[l + c-e-V^] ■ 
Clearly, /(x, c) — )■ 1 as x — 0, uniformly in c. Defining the function g by 

1 



l + g{x,c) 



it suffices to show that D°'g{x,c) — ?■ for |a| > 1 uniformly in c as x — )■ 0. 
Since g{x, c) = xln[l + ce~^/^], this follows from the fact that the function h, 
defined by h{x, c) = ce~^/^ satisfies D°'h{x, c) — >■ 0, uniformly in c, as x — )■ 0. 
In order to prove the second assertion for B, we observe that a derivative 
of order n of e^^^ is a product of e^^^ with a polynomial in the variable 1/x 
from which the desired assertion follows. ■ 



The function B{x, c) defined in Lemma 14.41 meets the assumptions of the 
next statement. 
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1 



Figure 7: A graph of a gluing profile Lp 



Lemma 4.5. Let i? : [0, 1) x M — )■ M 5e a smooth function satisfying 

B{0, c) = 0, DiB{0, c) = 1 and D^^BiO, c) = for n > 2. 
Then the function f : D \ {0} x M — )• C, defined by 

f{z,c) = B{\zlc)^, 
\z\ 

is smooth and satisfies as z ^ 0, uniformly in c belonging to a bounded subset 
ofR, 

/(^,c)->0 

D^f{z,c)^Id (81) 
D'lfiz, c) ^ forn> 2. 

In particular, the function f extends smoothly over {2; = 0} x M. 

Proof, li g = g{s, c) we shall write g^"^ for the n — th derivative with respect 
to s. We begin with the following simple calculus observation. Assuming 
that g{s^ c) is a smooth function on [0, 1] x R whose derivatives with respect 
to s at s = all vanish so that (7*^"^(0,c) = for all n > 0, the function 
c), defined by c) = g{s, c)/s for s > and /i(0, c) = 0, is smooth and 
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all its derivatives at s = vanish so that h^"'\0, c) = for all n > 0. Indeed, 
we may represent g{s) in the form 

g{s, c) = sR{s, c) with i?(s,c)= / g'{Ts,c)dT. 

Jo 

Observing that i?(s, c) is smooth for s > and satisfies R^'^\Q^ c) = for all 
> 0, we conclude that h{s, c) = R{s, c) is smooth and satisfies h^"'\0, c) = 
for all n > 0. 

We use this observation to obtain the following conclusions. Set Co(s, c) = 
B{s,c)/s for s > and Co(0,c) = 1, and define a sequence of functions 
Cn{s,c) = C'^_^{s,c)/s for n > 1 and s > where the prime stands for the 
first derivative. We claim that every function C„(s, c) for n > 1 smoothly 
extends over s = and the derivatives Cn\o, c) = vanish for all /c > 0. To 
see this we represent B{s,c) using the assumptions as 

^ 1 /-i 

B{s, c)=s + s^R{s, c) with R{s) = - (1 - rfB^^\Ts, c)dr. 

2 Jo 

Then Co(s,c) = 1 + s'^R{s,c) and its first derivative is given by Cq{s,c) = 
2sR{s,c) + s'^R'{s,c). Hence Ci(s,c) = 2R{s,c) + sR'{s,c) showing that 
Ci(s,c) is smooth for s > and C[^\o,c) = for all k > 0. Our claim 
follows by applying this procedure successively to all the functions C.„(s,c) 
for n > 2. 

With the above definition of Cq{s, c), the function f{z, c) is defined as 
f{z,c) = B{\z\,c)^ = Co{\z\,c)z. 

Differentiating this expression at ^ 7^ we obtain 

DJ{z,c)h = ^'''^]']'''\ z, hi) +Co{\z\,c)h = Ci{\z\,c){z,h) + Co{\z\,c)h. 
\z\ 

Using the properties of Co(s, c) and Ci(s, c) we conclude that Dif{z, c) — )■ Id 
as 2 — 0. In general, the higher derivatives of f{z, c) are of the form 

D^^'''^ f{z,c){hi, . . . , /i2n) = C2n{\z\,C){z, h) ■ ■ ■ {z, h2n) Z 

n-1 

,2j+l(^, C,hi, . . . , h2n) 

j=0 
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^{2n+l)j^^^ c)(/li, . . . , h2n+l) = C2n+l{\z\, c) {z , h) ■ ■ ■ {z, /l2n+l)^ 

n 

+ ^Cn+ji\z\,c)M2n+l,2j{z,C,hi, . . . ,/l2n+l), 
j=0 

where M2n,2j+i{z, c, ■ ■ ■ ) and M2n+i,2j{z, c, ■ ■ ■ ) are 2n- and (2n + l)-linear 
maps which are smoothly depending on {z, c and satisfying 



\M2n,2j+l{z,C,hi,...,h2n)\ < 1 2 | /^l | " " " | /l 



2n\ 



and 

\M2n+l,2j{z, C,hi, . . . , h2n)\ < " " " |/i2n+l|- 

Consequently, in view of the properties of the functions C„(s, c), the deriva- 
tives f{z, c) tend to for all > 2 as z — > 0, and the proof of the lemma 
is complete. ■ 



In our constructions we have to study the gluing length R and the gluing 
angle associated to a nonzero gluing parameter a G -B \ {0} via the gluing 
profile ip defined by (p{x) = — e. The pair (-R, is defined by 

R = (f{\a\) and a = \a\ ■ e-^""'^ . 

It is important to have estimates for the map a i— )■ {R{a),i){a)). In order to 
derive the appropriate estimates, we use the identification a = x+iy = (x, y). 
If P = P2) is a multi-index, we write 

We shall prove the following statement. 

Lemma 4.6. IfO < \a\ < 1, the partial derivative {D°'R){a) of order \a\ > 1 
is a linear combination of terms of the form 

A 1 B 

with the integers k and the multi-indices /3 satisfying k < 3-\a\ and < 
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Proof. In the case |a| = 1, we may take without loss of generahty a = (1,0). 
Then, in view of a = x + iy = {x,y), 

(9 ^, , 1 1 X 

—R{a} = -eW . — - . — = -eW . _ -. 

ax |a|"^ \a\ \a\-^ 

Hence /3 = (1,0) and 3 < 3|(1,0)| and \f3\ < \a\. The same holds for the 
partial derivative with respect to y. Assuming the result to hold for all 
multi-indices a with |a| < /, we consider the partial derivative D'^R for a 
multi-index a of order \a\ =1 + 1. Without loss of generality we assume that 
a = ao + (1,0). We know that D°"^R is the linear combination of terms of 
the form 



e I"! ■ 



a 



k 



where < / and k < 31. Applying we obtain 

d f J_ 1 a\ J_/— 1 X 1« k X a ^ 1 Rl 

TT r ^« = e I"! ■ ^ ■ — ■ --^a^ - ^— ^ ■ + A ■ --^a^ 
ox \ |ap / \ |a|^ \a\ |ap |ap+-^ \a\ |ap 

Here a^' = if /3i = and otherwise /?' = /3 — (1, 0). This derivative is a 
linear combination of at most three terms, namely 



-e 



We see that /3 is increased by at most one order and k is increased by at 
most 3 so that our statement is proved. ■ 

Next we consider for a 7^ 0, the function d{a) defined by 

^ _ g-27rji?(a) 

\a\ 

Lemma 4.7. For every multi-index a satisfying \a\ > 1, the partial deriva- 
tive D°''d{a) at a point a ^ 0, is a linear combination of terms of the form 
1^ with k < 2\a\ and < |a|. 

Proof. First we assume that a has order one. As long as a = x + iy satisfies 
X 7^ we have 27r ■ 'd{a) = arctan(^) so that 

d-d y d'd x 
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This has the required form with k = 2 and /3 = (0, 1) or /3(1, 0). We assume 
that the assertion has been proved for all a of order / and compute the 
derivatives of order / + 1. Without loss of generality we may assume that 
a = ao + (1,0). The derivative 

dx V 1 0, 1 y 

is equal to 

where we put a^' = if /3i = and otherwise (5' = (5 — (0, 1). This shows 
that /3 increased at most by order one and k in the denominator by 2. This 
proves the assertion. ■ 

4.3 Families of Sc-Isomorphisms 

We assume that V is an open subset of a finite-dimensional vector space 
H and E and F are sc-Banach spaces and consider a family v i— )■ L{y) of 
linear operators parametrized hy v E V such that L[v) : E ^ F are sc- 
isomorphisms having the following properties. 

(1) The map L:V ®E F, defined by 

L(f , h) := L{v)h, 

is sc-smooth. 

(2) There exists for every m a constant Cm such that 

\L{v)h\m > Cm ■ \h\ m 

for all V E V and all h G -Em- 
Let us note that L{v) is not assumed to be continuously depending on v as 
an operator. Since the map L{v) : E ^ F is an sc-isomorphism, the equation 

L{v)h = k 

has for every pair {v,k) E V (B F a unique solution h denoted by 

h = Livr'k=:fiv,k), 

so that L{v, f{v, k)) = k. 
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Proposition 4.8. The map f : V (B F ^ E defined above is sc-smooth. 

Proof. We start by proving that / is sc-continuous. We fix a level m and 
recall that \L{v)h\m > Cm ■ \h\m for all v ^ V and h G Em- We take a point 
{vo, ko) E V (B Em and a sequence (w„, A;„) G \^ © Em converging to {vq, ko). 
Setting f{vn, kn) = hn and f{vo, ko) = ho we compute, 

L{Vn){hn - ho) = kn- L{Vn)ho 

= kn- L{vo)ho + L{vo)ho - L{vo)ho 
= kn - ko + L{vo)ho - L{vn)ho =: 5„. 

Since the map {y,h) ^ L{v)h is sc-smooth, it follows that 5„ — in F^, 
and using property (2) above, 

|/(fn, kn) - f{vo, ko)\m = \hn " ho\m 

1 1 

< — ■ \L{Vn){hn - ho)\m = y:^ ■ |^n|m 0. 

Consequently, / is sc-continuous. 

Next we shall show that / is a map of class sc^. In order to define the 
candidate for the linearization Df{v, k) : H ® E ^ E oi the map / at the 
point (w, fc) G © Fi, we formally differentiate the equation 

L{vJ{v,k)) = k 

and obtain, 

5k = DiLiy, f{v, k)) ■ 6v + D2L{v, f{v, k)) ■ Df{v, k) ■ [6v, 6k] 
= DiLiy, f{v, k)) ■ 6v + L{v, Df{v, k) ■ [6v, 6k]) 
= DiLiv, f{v, k)) ■ 6v + L{v)Df{v, k) ■ [6v, 6k] 

where [6v, 6k] E H Q) Ei. Hence 

Df{v, k) ■ [6v, 6k] = L{y)-\6k - DiL{v, f{v, k)) ■ 6v) 
= f{v,6k-D,L{v,f{v,k))-6v) 

for all [6v, 6k] in H ® Ei. Observe that for fixed (f , /c) G © Fi, the map 
{6v,6k) ^ 6k — DiL{v, f{v,k)) defines a bounded linear operator between 
H (B Eo and Fq. Then, since L{v) : Fq — Fq is a linear isomorphism, the 
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right-hand side in the first hne of the identity above defines a bounded hnear 
operator between H (B Fq and Eq. In addition, since / is an sc^'-map, it 
follows that the map {v, k, 6v, 6k) E V (B Fm+i (B H Q) Fm — > Em, given by 

(f , k, 6v, 6k) (-> Df{v, k) ■ [6v, 6k], 

is continuous so that Df is sc". 

It remains to verify the approximation property. We take {v, k) E V (BFi 
and {6v, 6k) E H Q) Fi and abbreviate 

6h = fiy + 6v,k + 6k) - fiy, k) - f{v, 6k - DiL{v, f{v, k)) ■ 6v) e Eq. 

Since Co\6h\o < \L{v + 6v)6h\o, it suffices to show that 

1 



\6v\ + \6k\, 



\L{v + 6v)6h\o ^ 0. 



In order to prove this, we compute at the point [v, k) G V (B Fi for 
{6v,6k) eH(BFi, 

L{y + 6v) [f{v + 6v,k + 6k) - f{v, k) - f{v, 6k - DiL{v, f{v, k)) ■ 6v)] 
= k + 6k- L{v + 6v) ■ fiy, k) - L{v + 6v) ■ f{v, 6k - DiL{v, f{v, k)) ■ 6v) 
= 6k- DiL{v,f{v,k))-6v 

- [L{v + 6v) ■ f{v, k) - L{v) ■ f{v, k) - dJ.{v, f{v, k)) ■ 6v] 

- L{v + 6v) ■ f{v, 6k - DiLiy, fiy, k)) ■ 6v) 

= -[Liv + 6v) ■ fiv, k) - Liv) ■ fiv, k) - dAv, fiv, k)) ■ 6v] 
- [L{v + 6v) - L{v)] ■ fiv, 6k - DiLiv, fiv, k)) ■ 6v) 

using 6k — DiLiv, fiv, k)) ■ 6v = Liv) ■ fiv, 6k — DiLiv, fiv, k)) ■ 6v). 

The sc-smoothnes of the map (f , h) ^-)■ L(f , h) = L(w)/i implies for k E Fi 
and h := fiv, k) G Ei, 

^ ■ \iLiv + 6v) ■ fiv, k) - Liv) ■ fiv, k) - DiLiv, fiv, k)) ■ 6v\o ^ 



\6v\ + \6k\i 

as \6v\ + \6k\i — 7- 0. We next consider the second term. The map fiv,k) is 
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linear with respect to the variable k so that for fixed {v, k) 
1 



< 



[L{v + 6v) - L{v)] ■ f{v, 6k - DiL{v, f{v, k)) ■ 6v) 

6k 



\6v\ + \6k\, 

[L{v + 6v) - L{v)] -fiv, 



\6v\ + \6k\i 
[Liv + 6v)-Liv)]-f[v,D,Liv,f{v,k)) 

h + h 



6v 



\6v\ + \6k\, 



Since the embedding Ei —f Eq is compact and 6k G Fi, we may assume 



without loss of generality that 



5k 



\&v\ + \&k\: 



converges in Fq and since the maps 



/ is sc° and (w, h) i— j- L{v, h) is sc-smooth, we conclude that Ji — )■ as 
\6v\ + \6k\i 0. 

Since 6v is an element of the finite-dimensional space iJ, we may assume 
- converges in Fq. Using again that / is sc° and {v , h) L{v , h) 



that 



5v 



\5v\ + \5k\i 

,h 



is sc-smooth, we conclude that also the second term I2 converges to as 
\6v\ + \6k\i — )■ 0. Summing up, we have proved that 

|. |^\.,| \Liv + 6v)6h\,^0. 
\6v\ + \6k\i 

Consequently, the map f : V Q) F ^ E is of class sc^. 

We have also proved that the tangent map Tf : V®Ei®H®Eo Fi®Fo 
has the form 

Tf{v, k, 6v, 6k) = {f{v, k), f{v, 6k - D,L{v, f{v, k)) ■ 6v)) 

which is an sc°-map. 

To prove that / is of class sc^, it suffices to show that / is of class sc^ on 
V ® F for every subset V <ZV having compact closure in V . We introduce 
the family (f , 6v) 1— j- L^{v, 6v), parametrized by (f , 6v) G TV , of sc-operators 
L^{v, 6v) -TE^TF defined by 

(/i, 6h) ^{L{v)h, DL{v, h) ■ [6v, 6h]) 

= {L{v)h, L{v)6h + DiL{v, h) ■ 6v). 

It follows from the properties of the family v 1— )■ L{v) that the map L^{v, 6v) 
is an sc-isomorphism and the map 

TV®TE^ TF, {v, 6v, h, 6h) ^ L\v, 6v){h, 6h) 
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is sc-smooth. 

We fix an open subset V G V having compact closure in V. Since by 
our assumption the map L : V (B E ^ F is sc-smooth, it follows that also 
the map 

V ®H®E^ F, {v, 5v, h) ^ DiL{v, h) ■ 6v 

is sc-smooth. We conclude, by a compactness argument, that for every level 
m there exists a positive constant so that 

\DiL{v,h)6v\m < dm ■ \h\m+i ■ \^v\ 

for V G y, 5v G and h G -Fm+i- This implies that given level m there 
exists a constant such that 

\L\v,5v){h,5h)\m>C'^-\{h,5h)\m (82) 

for all V & V and all 5v E H satisfying \5v\ < 1. Indeed, if < e < Cm, 
where Cm is the constant required in property (2) at the beginning of this 
section, then 

\L^{v,6v){h,6h)\m = \L{v)h\m+i + \L{v)6h + DiL{v,h)6v)\m 

> Cm+i ■ \h\m+i + Cm ' \5h + L{v)~^DiL{v, h)6v)\m 

> Cm+1 ■ \h\m+i +e-\6h + LiyY^DiLiv, h)5v)\m 

> Cm+l ■ \h\m+l + £ ■ \5h\m - E ■ \L{v)~^ DiL{v , h)6v)\m 

^ Cm+1 ■ |^|m+l + e ■ \6h\m - e ■ Cm ■ dm ■ \h\ 

m+1 

for all V E V and all 6v E H satisfying \6v\ < 1. Hence, taking e > small 
enough we obtain the desired estimate flS^ . Now our previous discussion 
applied to shows that the map 

f -.V® {6v G H\ \6v\ < 1} © TF ^ TE, 

defined as the solution of 

L\v,6v)f\v,6v,k,dk) = {k,dk), 

is of class sc"^. Now we observe that 

f\v, 6v, k, 6k) = {f{v, k), f{v, 5k - D,L{v, f{v, k)) ■ 5v)). 

This shows that the tangent map T f is of class sc^ implying that / is of class 
sc^. The result now follows by induction. ■ 

The above result remains true if V is relatively open in the partial quad- 
rant of a finite-dimensional vector space. 
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4.4 Cauchy-Riemann Operators 

The crucial point in the discussion of the Fredholm property of our Cauchy- 
Riemann operator is the behavior of the operator under the gluing of the 
half- cylinders. We start with the linear Cauchy-Riemann operator and first 
recall some standard facts. As usual we use the symbol to denote the 
finite glued cylinders and Cq to denote the infinite glued cylinders. 

For the first result we work on the sc- Hilbert space Hl;^^ {C a-,^^ which 
consists of all maps m : Ca — t- in H^^^ so that there exists a constant c G 
for which the map u — c has weak partial derivatives up to order 3 which 
weighted by e*^"'*' belong to i^^([0, oo) x S^') while the weak partial derivatives 
up to order 3 of the map m + c belong to L^((— oo,0] x S*^). The level m 
of the sc-Hilbert space iir^'''™(Ca, M^) corresponds to the Sobolev regularity 
(m + 3,5m) and the level m of iJ^'''°(Ca, M^) corresponds to the regularity 
(2 + m, bm) where (5m)m>o is a strictly increasing sequence satisfying < 
bm < 27r. The norms of these Hilbert spaces are defined in Section 12.51 

Lemma 4.9. The Cauchy-Riemann operator 

do : H^/%CaX) ^ H'^'"{CaX), e ^ 

is an sc-isomorphism. In particular, for every m > there exists a constant 
Cm such that 

Cm 

We also need the Cauchy Riemann operator in a different set-up. Assume 
that we have two copies of the cylinder M x S*^, which we denote by S^. Then 
viewing x 5*^ C S+ and M" x S*^ C S~ the original gluing construction 
carried out for the half-cylinders results as before in Ca, besides Za we also 
have an infinite cylinder denoted by Z*, as illustrated in Figure [Hi It is 
important that Z* and Ca both contain Za in a natural way and the two 
different holomorphic coordinates extend to Z* as well as to Ca- 



The Hilbert spaces M^) for m > consist of maps u : 

Z* —7- for which the associated maps v : x ^ M^, defined by 
{s,t) —7- have partial derivatives up to order 3 + m which, if weighted 

by e-^™l^-f I belong to ^^(R x S^). The spaces H^+"''-^"-{Z*,R'^) are defined 
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Figure 8: The extended cylinder Z*. 

analogously. The norms are denoted by ||m||3+^_5„, respectively \u\\^^ _^^. 
The spaces i/^+m.-^^j^^^^ i72+m,-5„(^^^^ ^2^ defined the same 

way. Their norms are denoted by ||m||3+.;„ respectively by ||n||2+m-5^- 
We would like to point out that there is no sc-structures on H^~^^{Z*^^^^^ 
respectively M^), where the level m corresponds to the regularity 

(3 + m, —(5m), respectively (2 + m, —(5m)- We denote by \u\a the average of a 
map M : R X S*"*^ — 5> over the circle at [-f defined by 

\u\a := u 

Lemma 4.10. The Cauchy-Riemann operator 

do : if3+"^'-^-(Z*, M^) ^ H2+m,-5^^2*^ ^2^^ ^ ^ 

is a surjective Fredholm operator of real Fredholm index equal to 2 for all 
m > 0. The kernel consists of the constant functions. Moreover, there exists 
a constant Cm. > such that 
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4.5 Proof of Proposition 13.321 



Recalling Remark |3 . 3 1 1 and the definition of the family A — )■ L{X) from Section 
I3.4[ we shall prove the Proposition 13.321 

We recall that the space E consists of pairs (/i"*", h~) with /i^ G H^'^'^{M.'^ x 
S^, M^) equipped with the obvious sc-structure and Eq is the closed subspace 
of E consisting of those pairs ( which satisfy h^{0,0) = (0,0) and 
h^{0,t) G {0} X M. Using the decomposition = + in which 
are the asymptotic constants and G if3+m,5™ ^]]^± x S^), the E'm-norm of 
{h^,h~) is defined as 

We also recall the space F consists of pairs {rj^,rj~) G iJ^'^o(M+ x 5*^,]]^^) © 
i72,'5o(K- X equipped with the sc-structure H'^+^'^--[^+ x S^M^j ^ 

^2,5o(^]g- X S'\M^). The Fm-norm of the pair [rj^.r]') G F is given by 

Proposition 3.32 If {X,h'^,h^) L{\){h'^ , h~) and A = {v,a) is the sc- 
smooth map defined in (175|) in a neighborhood of Aq = (fo,0), then there 
exists a constant a > so that the following holds. 

(1) If X = {v,a) satisfies |A — Ao| < a, then the linear operator L[\) : Eq 
F is an sc-isomorphism. 

(2) For every m > there exists a constant Cm independent of A so that 
the norm of the inverse operators 

L(A)~^ : Fjn {Eo)m 

is bounded by Cm. for every |A — Ao| < o". 

Proof. We already know from Remark 13.311 that for Aq = {vq, 0) the operator 
L(Ao) : {Eq) — > F is an sc-isomorphism. We also know that A i— )■ L{X) is a 
family of Fredholm operators of index 0, 

ind L(A) = ind L{Xq) = 0. 

The family is not continuous in the operator norm. Therefore, our main task 
is to prove the following injectivity estimate. 
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(*) There exists a constant a > independent of m, so that for every level 
m there exists a constant Cm such that 

\L{X){h\h-)\p^>Cm\{h^,h~)\^^ (84) 
for all (/i"*", h~) G {Eq)^. and all A satisfying |A — Ao| < cr. 

We claim that (*) is a consequence of the following statement (**). 

(**) There exists an open neighborhood U of the point Aq = (fo, 0) in 
H X C such that the following holds: Given a level m, a point A G ?7, and 
two sequence A^ — )■ A, and (/i^, /i^) G (-Eq)^ satisfying = 1 and 

the sequence {{h'^,h^)) has a convergent subsequence in {Eq)^- 

Let us show that the statement (**) implies the statement (*). Assuming 
that (**) holds, we first consider the level and claim that there are positive 
constants a' and Cq such that 

\L{X){h+,h-)\j.,,>Co\{h^,h-)\g^ (85) 

for all |A — A| < a' and all {h~^,h~) G (-E'o)o- Indeed, otherwise, we find 
sequences A^ Xq and ijil.h^) G (-Eo)o satisfying K^fc,^^)!^^^ = 1 and 
L{Xk){h'l , h'l^) — in Eq. Applying (**), we may assume that the sequence 
(^fc ' ^k) converges in Eq to a pair (/i+, h~) G (-E'o)o whose _Eo-iiorm is equal 
to 1. Consequently, 

L{Xk){ht,h^)^L{Xo){h+,h-) = (0,0). 

This is impossible since L{Xq) is an isomorphism and so our claimed is proved. 
Since ind L{X) = ind L{Xo) = 0, it follows from ( 185|) that the linear operators 
L(A) : Eq ^ E are sc-isomorphism for all |A — Ao| < cr'. This proves the 
statement (1) of Proposition I3l32l 

Next we fix a level m and a parameter A satisfying |A — Ao| < cr'. Arguing 
as above and using that L{X) : (-E'o)m Em is an isomorphism for this A, we 
find an open neighborhood Ux^m. of A in x C and a positive constant CA,m 
such that 

\LiX')ih\h-)\^^>c,,m\ih-^,h-)\g^ (86) 
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for all A' G Ux,m and (/i"*", h~) G (-E'o)m- 

We choose < a < a'. Since the closed ball Bo-{\o) is compact in a finite 
dimensional space H x C, we find finitely many open sets f/Ai,m, • • • , f^A^ ,m 
covering i?o-(Ao) such that the estimate fl86|l holds for all A G t/Aj,m with 
constants cx^^m replacing cx,m- Choosing Cm ■= min{cAi,m, • • ■,cxk,„,m}, we 
conclude 

for all A G 5o-(Ao) and h^) G (-Eq)™- Since the constant a is independent 
of level m, we have proved that (**) indeed implies (*). 

It remains to prove (**). We first define the set U G H x C We recall 
that on the half-cylinders M"*^ x 5*^ we are given smooth families v i— j- j^{v) 
of complex structures satisfying j~^{v) = i on [sq — 1, oo) x and j^{v) = i 
on (— oo, —So + 1] X S^. We recall the abbreviations 

- 1 d 

d^h = -[Th + io Thoj{v)] — 

1 d 
doh = - \Th + ioThoi] — 

2 OS 

of the Cauchy-Riemann operators. 

In view of the standard elliptic estimates we have 

\dvoh\}{'^+m > C|/l|//3 + m 

for some positive constant C and all h G i/'^~^"*([0, sq] x S^) having compact 
supports in [0, sq] x and satisfying /i({0} x S^) C {0} x M. Observe that 
since < 5m < 27r, the norms on the Sobolev spaces if ^~'~™([0, sq] x 5^) 
and ii^+'"'^'"([0, So] x S*^) are equivalent so that the above estimate can be 
restated as 

\dyf^h\lj2 + m,Sm. ^ C\h\fjZ + m,5m ■ 

Since 

d.h = + ^[z o [Th) o + - J+(^o)]^ 

and the family v t— )■ ) of complex structures on the half-cylinder x 
is smooth, we conclude that 

\d^h\ 
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where c{v) is a function converging to as — > Vq. Consequently, we may 
choose positive constants Cm. and p so that 

> Cm\h\Hi+m,S^ (87) 

for all V e Bpivo) and all maps h e i/^^™([0,So] x S^) having compact 
supports in [0, sq] x and satisfying /i({0} x 5*^) C {0} x M. Taking, if 
necessary, smaller constants Cm and p, we have also the estimate 

> C\h\ 

for the Cauchy-Riemann operator d^, acting on maps h G H^~^''^{[—sq, 0] x S^) 
having compact supports in [— Sq, 0] x and satisfying h{{0} x S^) C {0} xM 
for all V G Bpivo). Having defined p, we choose a sufficiently small number 
r > satisfying 2sq + 4 < (/^(r) =6^—6 and set 

f/ = Bp{vQ) X 5^(0) CH xC. 

With this choice of the set U we are ready to prove the statement (**). We 
fix a point A = (u, a) G ?7, a level m, and take two sequences (/i^, /i^) G (-Eq)™ 
and Afc = {vk, a^) G t/ satisfying = 1 and — )■ A = (f , a) and 

I^(A.)(/^^,/^,^)|f„->0. (88) 

We shall show that the sequence {{hi, h^)) has a converging subsequence in 
(£"0)^- Since 

where = + in which are the asymptotic constants and G 
jj3+rn,5m^^± x S^) , the sequcuccs /i^^^ and h'^,^ are bounded in so that 
we can assume without loss of generality the convergence {h^^, h^^) — )• 
(^00' ^oo)- addition, the compact embedding theorem implies that there 
are subsequences again denoted by and /i^ converging in if2+m,5m 
[0, So + 1] X and [-Sq - 1, 0] x 5^ 

Next we choose a smooth function a+ : M — t- [0, 1] having derivative 
a+ < and satisfying a+(s) = 1 on (—00, sq — 1] and a(s) = on [sq, 00). 
We define a-{s) = a_|.(— s) and set 7± = 1 — a±. 
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In order to prove our claim we shall show, using the decomposition 
hf = + r^, that the sequences (a+r^,a_r^) and (7+r^,7_r^) posses 
subsequences satisfying 

(a+r+,a_r^) ^ (/+,/-) and (7+r+, 7_.r^) ^ (^+, (89) 

in Em for two pairs (/"*", /~) and {g^ , g~) belonging to E^n- We already know 
that the sequence {h^ao^ ^koo) asymptotic constants converges to {h^, ). 
Then assuming the convergence in (jSH]) and setting h"^ = + + 5'^, we 
conclude, using = + a±r^ + 7±r^, that 



{hl.hf^) {h+,h ) in E^, 

as claimed. 

We begin with the sequence (a+r^,a_r^), and abbreviate 
It follows from formula fl73|) for the operator L{X) that 



(90) 



+ 



where the maps $^^(/i^, hf, ) vanish outside of the finite cylinders [^ — 1, + 
1] X S*^ and [-^ - 1, - ^ + 1] x respectively. We recall that \ak\ < t. 
Since 2so + 4 < (/^(r), it follows that 2so+4 < Rk for all k. Since the functions 
a± vanish for s > sq and s < — sq, respectively, we conclude that 

«+^^ = (^+dvuK and = a_d„^h^ . 

Our assumption L{\k){h'l, h'^) = (r/^, r/^) — )■ (0, 0) in Fm implies the conver- 
gence (a+?7^, a_?7^) — j- (0,0) in F^. Consequently, 



Then using 



[a+dy^hl, a-dy^h^ ) (0, 0) in F„ 



d..K + \[ioThto (j+(tO - j+(t,,))] o ^ 



170 



and the fact that the family v H- j'^{v) is smooth and that \h'l\[j'i+m,Sm < 1, 
we find also that 

{a+d,hl, aJd^hl) (0, 0) in F^. (91) 

Since a'_^ vanishes outside of the interval [sq — 1, so] and |/i"'"|jj3+m,5„ < 1, 
the sequence is bounded in the if^"'"™''''"-norm and, by the Sobolev 

compact embedding theorem, we may assume that the sequence converges in 
the if^+™''''"-norm. Now the equality d^^a+hl) = a+d^h'^ + a^/i^ for all k 
and the estimate (1571) applied to a+h'l^ — a+h^ show that 

Since we already know that the sequences (a^/i^) and (a+dyh^) converge in 
jj2+m,5,n Qj-^ i^Q^ So + 1] X S*^, we conclude that the right-hand side converges 
to 0. Hence the sequence (a+h^) is a Cauchy sequence and so converges 
in the if^+'^'^'^-norm. The same argument applied to the sequence 
shows that also the sequence (a^h^) converges in ff^+m.^™ ^.^^ conclude 
the convergence {a+h'^ , a_h^) (/^,/~) in to some {f'^,f~) G E^. 
Moreover, 7^(0,0) = (0,0) and /^({O} x S^) C {0} x M. Since a±r^ = 
a±h^ — a±h^^ and — )■ and a± is equal to if s > sq and s < — sq, 
respectively, we conclude that also the sequence {a+r^, O-t^) converges to 
(/"•", /~) = (/+ — a+h'^, f~ — a^h^) in Em- This finishes the proof of the 
first convergence in ( 189|) . 

Next we prove the convergence of the sequence (7+r"'", 7_r~). In order 
to do this, we consider the maps ®ak{''^k ^^k) ^a.^i'i^t ^^k)- R-^call the 
convergence 

L{Xk){ht,h~) = (r/+,r/-) ^ (0,0) in F^. 

Hence (7+77^, 7_?7^) — )■ in Fm, and the estimate for the total hat-gluing in 
Theorem 12.261 leads to 

e^"'^\\®a,{l+vt,1-Vk)lm+2,S„. 

and 

e'"'^lea,{l+Vtn-Vk)lm+2,^S^ ^ 0, 
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so that 

ll©a,(7+^^7-% )IU+2,-5^ < e,e-'-^ (92) 

and 

l|ea,(7+^^7-%")IU+2,-5,„ < SkC-'-^ (93) 
for a sequence Ek of positive numbers converging to 0. 

Now, in view of the formula (176|) . the maps ^a^i^t ^''^k) ^a^i^k ^''^k) 
solve the equations 

dv, ©a, (r+ r,-) = ®advt,Vk) (94) 

^0 ©a, (r+ r-) = QaM^Vk)- (95) 

Introducing the functions 7^(5) = ©a^.(7+,7_) = /3a^(s) ■7+(s) + (1 -/^^^(s)) • 
7_(s — Rk), we note that 7/fc is equal to on the interval [sq — I, Rk — sq + 1] 
and equal to 1 on [sq, Rk - sq]. Hence 7^ {^t, r^) = ®ak{l+rt^ 1-^k) 
the same identity holds for the hat gluing. Now, multiplying by 7^, we 
obtain 

©afe(7+^^,7-%) =lk®a,{Vk^Vk) 

= Ikdv, ©a, ir+,r^) 

= d,dlk ©a, (r^r-)) - (7fc)'©a, (r,t,r-)) 
= d^dlk ©a, (r^r-)) - ©a,(7;r+,7^r,:)) 
= ©a, (7+r+,7_r-) - ©a,(7+'^^ 7^?^^ )• 

Since 7^ = outside of [sq — 1, Rk — sq + 1] and j'^ivk) = i on [sq — 1, 00) x 
and (—00, —So + 1] x 5*^, the above identity becomes 

^0 ©a, (7+r^7-r,-) = ©.,(7+%+, 7-% ) + ©a,(7;r+, 7^,^)- (96) 

The maps ©^^^ (7+r^, 7„r^) and ©^^^ (7+77^, 7.77^) : Za^^ have compact 

supports contained in the finite cylinders [sq — 1, Rk — sq + 1] x S*^ and hence 
we can view them as defined on the infinite cylinders Z*^ . By Lemma I4.10[ 
there are unique maps ^k ^ H^^"^'~^"'{Z*^, M?) having mean- values [^k]ak = 
and satisfying 

do^k = ®aAl+Vt,l-Vt)- (97) 

In addition, by and Lemma 14. lU^ 

Uklhm,-S^ < CmSkC-'-^ (98) 



172 



where the constant Cm is independent of k. Then, in view of 

do[®a,{l+rt,7-r^) - ^k] = ®a,h+rtn-rk)- (99) 

Abbreviating 

we claim that qt — ik — [(lk — ik]ak belongs to i/s+Cm+i) ,-(5™+i (^*^). To see this, 
we first estimate the H^^'^~^"'+^{Z*^)-Ti.oims, of the maps ® a^il'+'^k i "^'-"^k) ■ 
The derivatives 7^ and 7^ vanish outside of the intervals [sq — l,So] and 
[-So, -So+1] so that the square of the if^^"* "'^'"+i(Z*^)-normof ©0^(7+?"^, i'-T^ 
is equal to a constant times the sum of the following integrals 

/|Z^°r+re"''^'"+'''"^' and f \D''r^{s - Rk,t - ^k)?e-^^"^+'\'-^\ 
Jt. Jt. 

where the sum is taken over all multi- indices a of length |a| < 3 + m and 
where S = [sq — 1, sq] x S^. 

Recalling that sq + 2 < ^ and \r'^\H3+7n,Sm < 1, the first integral can be 
estimated as follows, 

/ |£)'^^+|2g-25m+i|s--^|^| _ / ^jja^+^2^25mS^25,n+i{s-^)-25mS 

J[so~l,so]xS^ i[so-l,so]xSi 

^ g — 5m_Rfeg2(<5m+l— <5m)so / | | 2g2<5m S ^ g — l5„i+ 1 -Rfe g2((5m+ 1 — (Jm )so 

J[so-l,so]xS^ 

Since the same estimate holds for the second integral, 

i[i?fe-so,Rfc-so+l]x5i 

we obtain 

ll©a.(7;r+,7^r,-)||*+^,_,^^^ < C^e-'-^^^ . (100) 

Since the map ©0^(7+^^^ , 7^-^"^ ) belongs to H^~^^'''-'~^"^+^{Z*^), it follows from 
Lemma 14.101 that there exists a unique map fk E (Z*^) having 

mean- value [fk]ak = and satisfying 

dofk = ®aM4,l-rk)- (101) 
Moreover, by (llOOj) . the following estimate holds, 

Wm+im+il-s^,. < Cme-'--^^ . (102) 
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Now, observe that both maps fk and — ~ [Qk — ^k]ak have their av- 
erages equal to and satisfy equations (1^ and fllOip . Moreover, — 
6 - kk - 6]a, = qk-^k- [qkU e H'+'^'-'-iZ^J C H'+rn,-5^^,^z*J 
and fk e /73+(™+i),-W(^*j c Since ©,,(7+r+, 7_r^) e 

^3+m,-Wi(^*j c ij2+m,-5„+i(^^*j^ follows froui Lemma ilO] apphed 
to the Cauchy-Riemann operator do : if3+m _^ if^+m 
that fk = qk—ik — [qk—ik]aki as claimed. In addition, in view of the inequality 
(11021) . the following estimate holds, 

Ik. -ik- [qk - a^]aJl3+(™+i),-Wi ^ C^-e-'™+^* (103) 

where the constant Cm is independent of k. 

We will also need estimates for 0a^(7+r^, 7_r^). We first observe that 
©a,(?7A^,%) = eaAl+'nt.l-Vk) and ea,(r^,r^) = Ga^il+rt .i-r^) so that 
the equation (p5l) can be written as 

^0 Oa, (7+r-^,7-'^fc ) = ea,(7+^^7-% )• (104) 
Then, abbreviating 

and using (7+77^, 7_?7~) G H'^~^^'^"^{Ca), it follows from (11041) and Lemma 
14.91 that C/c is a unique solution in H^~^"^'^"'(Ca) of the equation 



9oCfc = ea,(7+^^7-^fc)- 

Moreover, in view of (193|) . its iJ^"'"™'''''"-norm is estimated as 



1/2 



where Cfc = Ck - (1 - 2/3aJCfc,oo and Cfc,oo = lim.^oo Cfc(s, ^) = ava^(r+,r^). 
Hence 

do[ea,h+r+,^^r^)-Ck] = 0. 

We denote the restrictions of qk and ^k to the finite cylinder Za^ by 
and and observe that the restriction of qk — ^k to Z^j. is equal to — 
and [gfc — ^fc]afc = [qk]ak since [^fc]afc = 0. In view of the estimates ( p8|l and 
f lT03D . we have 

Uk\\3+n.,-5„. < CmSke-'-^ (106) 
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and 



-^k- [(ik - efc]a,||3+(m,+l),^Wi < C^e-'-^^^. (107) 

Now, using Theorem 11.271 we find a unique pair G satisfying 



ea,{pt,Pk)=Ck ^^^^^ 

and we claim tliat tlie sequence of maps {p^iPk) converges to (0,0) in Em- 
In view of of the estimate for the total gluing map in Theorem [223] it suffices 
to prove the convergence 

Indeed, using f llOSp and fll06p and [^k]ak] = the estimate 

2 _ f |A \2-5^\s-^\ / ICfc.c 



||Cfc,oo||3+m-5„ - / ICfc,oo| e ™^ 2 < 



we obtain 



= \a,oo\' + e^-^'^ lie. + CooiiLm,-.. + iic.ii^ 



II 



SmRk 

2 



|Cfc,oo|^ + llefcl3+m,-<5„ + ICfcl 



2 , I/- l|2 

3+m,— <5„ 



as claimed. 

From ([108]) and ©^^ (7+?^. , T-?". ) = and Ba, (7+?^^ 7-?^. ) = Qa^ ipt.Pk) 
C,ki we have the following equations, 

®a, {l+rt - pt, l-^r~ - p~) = qk-lk 

We claim that the sequence (7+r^ — p^,7_r^ ~ Pk) is bounded in By 
Theorem 12.231 is suffices to show that the G^_^^-norm of (g^ — 0) of maps 
on the right-hand side is bounded. Using (I103|) and the fact that [ik\ak = 0) 
we find that 



\iqk-^k.o)\l 

7rL-\-i 

= \[qk - ^k]af + e'-^^""- ■ ||g, -I,- [qk - IkUf 

lk\ak? + 6'^'"+^^'= ■ llgfc — 'ik~ [5'fc]afcll3+(m.+l) -<5m+l 



1 2 I _5m-i--\ Ru II— ^ r_ 1 II _ 

3+(m+l),-(5„i+i ^j^gg") 



y2 
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and it remains to estimate |[q'fc]afe|- Recall that [qkla^ = ^^a^i^k ^^k) since 
Qk = ®ak{l+''^k ^1-^k)- Using the Sobolev embedding theorem on bounded 
domains and the bound \r^\HS+m,s,r, < 1, we estimate 

where Ek = - I, ^ + I] x S\ This implies 

Wk W \ ^ 

and, similarly, |[r^]afc| < C'm.e"'''"^*^^. Consequently, 

1 R 

\[qk]ak\ = |av.,(r+,r-)| = -|[r+],,. + [r-],J < C„,e~'-^ . 
This implies that Kg^ — 'CfcjO)!^^^. are bounded and, in view by Theorem 



m + l 



[2:231 that 

|(7+r+ -p+,7„r- < C^- 

Now, using the compact embedding Em+i E^, we may assume after taking 
a subsequence that 

(7+r+ - p+, 'j_r- - p+) (^+, g-) in 

for some pair {g^,g~) G -Em- We have already proved that {Pk,Pk) ~^ (0)0) 
in Em- Hence 

il+rt^ l-^k) (^^' 9~) in E^- 
This proves the second convergence in (189|) . 

Summing up, we have proved that sequences (a+T^, O-T^T) and (t+t^ , 7-'''^ ) 
posses subsequences which converge to some elements (/"'', /~) and {g~^,g~), 
respectively, in Em- Since the sequence of asymptotic constants {h'l^^, h'^^o) 
converges to (/i^, h^), it follows that (/i^, h'^) converges in Em to the element 
h-) = + /+ + g+, /i" , /- + g\ We also have that /±(0, 0) = (0, 0) 
and /^({O} X S^) G {0} x M. The proof of the proposition is complete. ■ 
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